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Abstract

Introduction to basic algorithms and techniques for numerical
computing. Error analysis, interpolation (including splines),
numerical differentiation and integration, numerical linear al-
gebra (including methods for linear systems, eigenvalue prob-
lems, and the singular value decomposition), root finding for
nonlinear equations and systems, numerical ordinary differ-
ential equations, and approximation methods (including least
squares, orthogonal polynomials, and Fourier transforms).

Lecture 1

1 Computer arithmetic and error
analysis
1.1 Floating point number system [1, 2.4]
Example 1.1. Floating point number system
A= (=10,t=3,L =-99,U =99)
x = 7.304 - 10* is in this number system. In general:
xr =mpj3°
where
e 3 =10 is the base (decimal base),
e m = 7.304 is the mantissa,
e f =304 is the fraction,
e t = 3 digits in the fraction,
e ¢ =4 is the exponent,
e [ <e < U are the bounds.
Example 1.2. B=(=2,t=2,L =-10,U = 10)
z = 1.01-2% = 101 (binary)
=1-2240-2'4+1.2°

= 5 in decimal

1.1.1 Rules for the “normalized” mantissa

m = +dg.didy . ..dy = (=1)%dy.f where s is the sign bit (0 or
1) with

1<|m|<g
1<dy <p-1
and 0<d; <p—-1 (i=1,...,1)
for example in system A,
z = 1.000 - 10°

is valid, but
x=0.123-103

is not and must be normalized to
z =1.230-10%

In computers, the floating point (f.p.) systems normally used
are:

1. single precision: (4 bytes, 32 bits)
(B=2,t=23,L=—126,U = 127)

where x = (—1)°dp.f - 2¢ is valid.

I / | E |
T bit 23 bits $ bits

Note that £ = e+127. Also dy = 1 always for normalized
numbers (in binary) = no need to store it.

Smallest positive (non-zero) number:

1.0...0-27126 ~1.2.10738.

Largest positive number:

L1...1-2127 = (2 - 2723)2127 2128 x 3 4. 1038,

2. double precision: (8 bytes, 64 bits)

(B=2,t=52L=-1022,U = 1023)

Smallest positive (non-zero) number:

271922~ 2.2.107°%

Largest positive number:

(2 _ 2—52)21023 ~ 21024 ~18- 10308

Note the greater range and greater relative accuracy. Note:
[1, 2.8]“IEEE Standard” for floating point numbers has some
additional subtle points. Single precision:

1< E <254 :x=(-1)%1.£)251" (normalized numbers)

E =255 :f#0 = z =NaN (not a number, e.g. 9/0)
f=0 = 2z =(-1)°Inf (infinity, e.g. /o)
E=0:f=0 = z2z=0

f#0 = (denormalized numbers)
e.g. x =0.0001760...0-27126



Lecture 2

1.2 Rounding in f.p. systems [1, 2.5]
A=(8=10,t =4,L = —10,U = 10)

Consider exact X = 11.3486. Represent X in system A by
“rounding to nearest” rounded, normalized representation of
X: x=1.1349 - 10%.

ex. z=11.3484 — =z =1.1348- 10"

ex. ©=11.3485 — x =1.1348- 10"

ex. z = 11.3475 — =z =1.1348 - 10"

here we followed a rule: “round to nearest, tie to even” (de-
fault in IEEE).

Note: after rounding in f.p. system A, we say that = has
t + 1 “correctly rounded digits”. Consider f.p. system

(67taL7 U)
(1 <[M|<p)
(t+ 1 (correct) digits in m)

exact: X := Mf°

rounded: z := mp°
Definition 1.3. Define absolute error:
AX =2 — X,

where z is the approximation and X is exact.
Define relative error:

r-X _AX

0X = e ~

where X # 0.
Example 1.4. A= (=10,t =3,L,U)

X = 4.732896 - 10°
x = 4.733 - 108

|m — M| < 0.5-1072 after rounding.
In general, after rounding we have
Lo
‘m - M| S 76 )
2
which implies

1.
v - X| < 5876

%/B_tﬂe

and so
|M|Be

1
< Zpg-t
<3h

r—X
<
x| <
Definition 1.5. Define unit roundoff to be

Lo
B= 55

So for rounding we have that

0X| =

1 _

r—X
<
ek

Note: single precision: t = 23,
p=2""~6.0-10"%~0.5-10"",
which is roughly equivalent to
(B=10,t=7) — p=05-10""

“approximately ¢t + 1 = 8 decimal digits can be represented
correctly in single precision binary”. double precision: ¢ = 52

p=2"3x~11-10"16,
which is roughly equivalent to (8 = 10,¢ = 16). Approxi-
mately ¢t +1 = 17 decimal digits can be represented correctly

in double precision.
Note: in MATLAB, we have:

e format long with 16 or 17 digits
e format short with 7 or 8 digits
Note: there is also a fized point number system.

Example 1.6.
x = +d_1dp.d; (no exponent),

where 0 < d; < 9 for ¢ € {—1,0,1} (decimal base), and
t = 3 total digits, with range -99.9 to 99.9. Now consider the
accuracy after rounding:

1 1
lr — X| < 55_1 = 510—1 =0.05,

so absolute error is bound by unit round off.

Note: that the fized point system has a fixed distance be-
tween representable numbers while in the floating point sys-
tem, there are more representable numbers closer to zero, and
less farther from zero. Recall that in the floating point system
we have

z—X

6X|—\ ‘SM

or |z — X|<|X|u where | X|u is small if X is small.

1.2.1 Representation of rounding effect

Consider X exact, x rounded in the floating point system.

‘We know
rz—X
X

] n
We also write:

r=fA(X)=X(1+¢) with [e| < u



1.3 Rounding in basic arithmetic operations
[1, 2.6]

It is possible to implement = + y (z and y in computer repre-
sentation) on a computer CPU s.t.

filz +y) — (x+y)
T+y

<u

or filz+y)=(z+y)(l+e) with [e] < p.
the same holds for zy, z — y and x/y

1.4 Loss of information / accuracy [1, 2.3]

In some f.p. operations, information / accuracy is lost, some-
times this is unavoidable, but sometimes, algorithms can be
reformulated to avoid these ‘catastrophic’ steps.

Example 1.7. Loss of information:
Consider a, b, and ¢ in

1 1
p=5Bht=5107"

(8=10,t=3,L,U), 5

a = 9.876 - 10* = 98760
b= —9.880 - 10* = —98800
c=3.456 - 10" = 34.56

Consider a + c¢:

_ — 104
fila+¢) = fI(98794.56) = 9.879 - 10

lost

information is lost, which in this case is unavoidable, but not
a big deal. Relative error:

a+c—flla+c)
a+c

1.4
~ — <
210 <pu
Now consider a + b + c¢:
(1) (a+0d) +e
Afl(a+b) +¢) = fi(—4-10" 4 3.456 - 101)
= —0.544 - 10!
=a+ b+ c (exact)
(2) (a+c)+0b:
A(fla+ c) +b) = A(9.879 - 10* — 9.880 - 10%)
= —1.0-10" (only 1 correct digit)

relative error:

a+b+c—fi(fila+c)+0b)
a+b+c

~ 0.84
84% relative error due to loss of information and cancel-
lation.

So the order of operations may matter, and subtracting two
almost equal numbers can result in large error.

Example 1.8. Loss of information via catastrophic cancel-
lation:

We introduce new notation for the general context of error
propagation: rounding error, measurement error, discretiza-
tion error, and accumulation of rounding error.

exact: x
approximate: &

absolute error: Az =7 —

Notation 1.9. We say T approximates x with

|Z—z|=|Az| <v <= =T+

1.4.1 Catastrophic cancellation

If you subtract two almost equal numbers, the relative error
in the result may be very large.

Y=o — X2
y=7T1— T2
Ay:g—y:(jl_i'2)_(-131—.’152):A371—A$2

Note that Ax; is not known, we only know that |Az;| < v.

|Ay| < |Azy| + |Axy|
|AI1| + ‘AI2|

|oy| <
|21 — 22|

Note that |21 — 22| is small if 1 & x5 and is smaller than ||
or |xz|. For example:

21 = 10.123456 + 0.5 - 107
2o = 10.123788 + 0.5 - 107
IA.Z‘2|

|2
y=1x1 — x5 = —0.000332 4+ 107° (only 3 digits left)

Ayl _ 0.5-1076+0.5-107¢
loy| = <
ly] 0.000332

|6xo| = <0.5-1077

=10"2>05-10"°

Example 1.10. Sometimes catastrophic cancellation can be
avoided. Consider the equation 22 — 18z +1 = 0. With roots
x1 = 17.944271 ... and zo = 0.0557280. ...
We use (8 =10,t =3,L,U).
Consider algorithm (1):
Tr1 = 9+ \/8>0
T1 = fi(9 +V80) = fI(9 + 8.944) = 17.94
|61] ~ 0.24 - 1073

And similarly

To = 9 — \/%
Ty = fl(9 — V/80) = fi(9 — 8.944) = 0.056
|625] 2~ 0.5 - 1072

As we can see T2 has only 2 correct digits.



Algorithm (2):

Ty = —
T

To = ﬂ(l/l‘l) = 0.05574
|622| ~ 0.21-1073 < p

Where we have 4 correct digits.

Lecture 3

1.5 Error propagation [1, 2.3]
(1) Take y = f(z) and let = T +¢, with |Z —z| = |Az| < e.

For example, Z is obtained from z by rounding in floating
point systems = & = pulz|.

How does the error in x propagate to an error in y?

What can we say about
Ayl = [y(z) —y(@)| = |Af] = [f(Z) = f(2)]?

Assume f(z) is differentiable. We use the Mean Value
Theorem (MVT):

% e (@,3): (o) = 12D
or equivalently, 3¢ € (x,Z) : Af = f/(§)Ax, so
IAf] = [f'(€)l|Az]

or, approximately

[Af| = |f'(z)]|Ax]
or [Af| = |f'(2)]|Az]

Figure 1.1: Mean Value Theorem.

(2) Take y = f(x1,x2), we consider two approaches:

(a) We use definition and inequalities, For example:

Y =21+ 22 y=9y—Ay

Ay=9—y=1=o1+ T2 — (11 +22) = Axy + Ay
= Ay = Az + Azxy
= |Ay| < |Azq| + |Axs]

Another example:

Y= 2172
Ay = i’liz'g — (xlxg) = (:Cl + A.Tl)(l'g —+ A(EQ) — X1T2
=21 Az9 + 29Az1 + Az1ATo
Ay _ Az n Axo n Az Ao

Y Z1 T2 T1X2

A.’L‘]
Z1

< 1 and ‘%
T2

assume < 1, then

A A A
Yy $1+£

P i —

Yy T )
also
’Ay’ < Az N Axy .
) Z1 x2

(b) Use multivariate MVT:

Theorem 1.11. Let f(Z) be differentiable, where
Z e R"™. Then 30 € (0,1) such that

f(Z) — f(&) = V(T + 0AT) - AT
=> ﬁ(:ﬁ + 0AT) Ay,
&vk
k=1
Note that AT = T — . We denote T* := T+ 0AZ.

Proof. Note: f(Z+tAZ) is a single-variable function
in t. Let F(t) = f(& + tAZ). Then 36 € (0,1) s.t.

F(1) - F(0) dF(t)
170 = . (by MVT).
or f(Z)— f(%) = zn:ﬁ(f—i- OAT)Axy,
1 9Tk
O
Therefore:
N " Of N " Of
AfNZTk(m)Axk or AfNZ@Tck(m)Axk
k=1 k=1
and so
Af] < —(D)||A
21123 g )] 1A
n (9f .
< —J
or 81153 | g )] 13w

For example: y = f(x1,x2) = x122.

ﬁ = X2 Af ~ xoAxy + 11 ATo
(91'1

of _ Af Az | Am
871'2 =T and 7 ~ 7‘,51 + 71‘2



2 Root finding methods

2.1 Problem description [1, 4.1]

Problem: find the root z*, such that f(x*) = 0, where f is a
non-linear function.

For example: f(z) =x —cos(z) =0 = z* = 0.74. Often
no closed-form solution exists so iteration will be necessary.
Definition 2.1. “z* is a root of f(x) with multiplicity ¢”
means f(z) = (x—x*)%g(z) where g(z*) # 0 and |g(z*)| < oo.
Example 2.2.

f(a) = (z - 3)*sin(x)

x = 3 is a double root.

not a triple root.

-3
g
= (x — 3)sin(z)(x — 3) not a single root.
— ]
g

Note: f'(z) = gq(z —2*)"  g(z) + (z — 2%)7g/(2)
q>1 = f'(z*) =0 assiming |¢'(z*)| < o0
e.g. ¢ =2: double root f(z*) =0, f'(z*)=0
q>2 = f'(z*)=0and f"(z*) =0
e.g. ¢ =3: triple root f(z*) =0, f'(z*) =0, f'(z*) =0

2.2 Four root finding methods [1, 4.2, 4.3]
2.2.1 Bisection

Assume f(z) is continuous and let f(a)f(b) < 0.
Then Je € (a,b) s.t. f(c) =0 (IVT).
d = (atb)/2 # bisection
if £(d) == 0:

success
else

if f(a)f(d) < 0:

b=4d
else

end
repeat until |b-a| < tol # some input tolerance

[}
[ 1)

Z
2 -
/\_\I/-,,‘ i~
}

|
)
} }
[IN > L
I
|

Figure 2.1: Bisection method.

Note: this method is guaranteed to find a root (also if there
are multiple roots between a and b).

2.2.2 Newton-Raphson method

Have f(z*) = 0, and assume f(x) is differentiable. Then
0= f(z*) = f(xo)+ f'(zo)(x* —z0) (truncated Taylor series).
Define z; s.t. f(xo) + f'(zo)(z1 — x0) = 0. Then in general

flxg) + f'(wr) (@pr —2x) =0

f(wr) (assume f'(zy) # 0)

A e

£=)

H_.——-_.
o

/vﬂq Prd

NN

Figure 2.2: Newton-Raphson method.

Note: NR is an example of a fixed-point method:

_ =)
frx)

Tp1 = p(zk) with o(z) = (NR)

(fixed point: z* = p(x*))

2.2.3 General fixed-point methods

Rewrite f(x) =0 as z = ¢(x). Then use iteration:
Thi1 = o(Tk)-

Example 2.3. f(z) =z — cos(z) = 0.

(A) Try & = cos(x) o

T o(x) with ¢(x) = cos(xz). More
generally, given f(x

x
) = 0, we may consider
px)=x+ f(r) = z+ f(z) ==
or p(z) =2 — f(z) = - f(z) =2
or pr) =x+ f(z)? = z+ f2)’ ==z

P

- - - -—_.I ‘j;K

Sfliral covve rg,ayl ce

p&“ ern ‘/\A”z{y\s
when

4 eP'(x) <O

» ) '

o e e - — = —

X, Xy

7

x, b

NE)

Figure 2.3: Spiral convergence happens when —1 < ¢'(z*) < 0



(B) Try arccos(z) = z. Then a1 = p(xg) with p(z) =
arccos(z).

YN

M3

4 =arccos (x)

I

|

|

! .
x

<, Uy X %y A 2C

Figure 2.4: Spiral divergence happens when ¢'(z*) < —1

Lecture 4

In the general fixed point method, there are 4 cases:
(A) Spiral convergence: —1 < ¢'(z*) < 0.
(B) Spiral divergence: ¢'(z*) < —1.

(C) Staircase convergence: 0 < ¢'(x*) < 1.

HD

=2
(€]
- |
iz I
\
Tm T2 |
(
: . .
A l 1 [
\ ' | \
\ [ I |
\ | L \ | A/
X x4 ~ 3 JL" 2C
Figure 2.5: Staircase convergence.
(D) Staircase divergence: 1 < ¢ (z*).
Y )

-2m
'

N
'

H____.____

Np-=----———
¥

N
).l.
XY
Q

Figure 2.6: Staircase divergence.

Note: convergence also depends on the initial guess.

2.2.4 Secant method

Recall that in NR we have 41 = o) — J{/((”;’;)).

f'(zx) by a finite difference:

flar) = flzr-1)

Tk — Tk—1

Approximate

f(wx) =

which gives

LTk — Tk—1

Tyl = T — f(xk)m’
where f(x) # f(xrp—1).

&

L)

se cOxV\'l'
line

Figure 2.7: Secant method.

Comparison to NR:
1) Secant doesn’t need the derivative.
2) Secant converges more slowly than NR.

3) Both may diverge, depending on initial guess and the func-

tion f(x).

4) Secant needs two initial guesses as opposed to only one.

2.3 Convergence (of fixed point methods) [ y 4.4]

Have z11 = p(z1), and assume that ¢ is differentiable.

Theorem 2.4 (Convergence for fixed-point methods). Let
x* = (x*). Assume 36 >0, Im € [0,1) s.t.

o' (@)| <m, Vzel,

where I = {x : |x — x*| < §} (closed interval), (¢ is a con-
traction mapping). Assume xo € I, then

1. 2 €1, VE€{1,2,3,...}.
2. limg_y00 x, = ™ (convergence to a solution).

3. x* is the only solution in I (of x = p(x)) (uniqueness of
the solution)

Proof. We prove each part separately:



1. Proof by induction. Assume z;_1 € I. Then

wp — 27 = p(zr-1) — p(a") = @' (&) (@h-1 — 27).

By MVT, 3¢ € (wk-1,27%), and thus & € I, and
|©'(&k)| < m < 1. Therefore

|z — 2% < m|zk_1 — ¥ <md <4,

since xp_1 € I. Now since zg € I, we have that
xr € I, Vke {1,2,3,... }.

2. Note that |z — 2*| < mF|zo — 2*|, so we have

lim |z —2"| =0, sincem < 1.
k—o0

3. Assume there is a second root & € I, s.t. & # z*. Then

& —2"| = (@) — ()] = [¢" ()2 — 2"

with £ € (&,2%), so £ € I, or 1 = |¢/(£)|, which is a
contradiction. Thus x* is the unique solution.

O

Note that intuitively, a contraction mapping “makes inter-
vals smaller”.

l?(z):.Ccs(x)

|
|
|
I
! |
|
: \’)Co‘i*\ ! /1/'\11"’?(
I N

N
7
%o Ty T -

2

Figure 2.8: |z1 — 2| = |p(z0) — p(z")| < |zo — =™

Note:

o(x) =cos(z) = [/ (0.74...)] < 1

p(x) = arccos(z) = |¢'(0.74...)] > 1

Note: If there are two solutions in I, then |¢'(x)| = 1 for
some x € I.

2.3.1 Convergence speed

Definition 2.5 (Convergence of a sequence with order p).
Let {xr}32, be a sequence that converges to *. Then the
order of convergence, p, is the largest number p > 1 s.t.
x —z*
lim M:c, with 0 < ¢ < o0.
k—oo |z) — T*|P
c is called the asymptotic error constant.
1) If p=1, and 0 < ¢ < 1, then we have linear convergence.
|Tgpr1 — x| = c|zg — x|
2) If p=2and 0 < ¢ < 0o, then we have quadratic conver-

gence.
[@hss — 2| ~ clag — o

Convergence speed of the fixed-point method. Let’s
first assume that we have a converging fixed-point method
and ¢'(z*) # 0. We know that

Tpr1 — 2" = p(ar) — (") = ' (§) (zx — 27)
by (MVT) with & € (z,2*). Then

|Tpy1 — 2|

|Tps1 — 2| .
——— = |¢( =c=¢'(z")].

12 .
= = 1
|xg — x*| ' (&k)| et |xg — z*|
Conclude that ¢ = |¢'(z*)| € (0,1) = linear convergence.

Note, if ¢'(2*) = 0, then convergence is faster, e.g. NR.

Convergence and convergence speed of NR.
We have that

=z — f (@) an r)=x— /(@)
TS gy P S g
We will need ¢'(z), and ¢"(x):
o P @) @) @)
L 1 I (215 BN PP
vy (I 1)
o) =10 (F52) + i

1. Convergence of NR. We know the sufficient condi-
tions for convergence:

A0,m: |P (@) <m<1l, Veel={r:|r—2" <4},

so for NR:

<m<l1

’f(l‘)f”(a?)
(f'(x))?

for x sufficiently close to x*. Suppose there is a closed interval
J, containing x*, s.t.

e f(z) is continuous in J,
e f/(z) is continuous in J. f'(x*) # 0,
e f"(x) is continuous in J (bounded).

Then there exists an interval I C J containing z*, s.t. NR
converges to z* for any initial guess in I.

Proof. (Sketch). We can find such an interval I where

<m<l1

’f(x)f”(w)
(f'(x))?

by continuity of f, f’, f”, and using f’(z*) # 0. Then
use the convergence theorem for fixed-point methods. Note:
f'(z*) # 0 means that z* is a simple root. O




2. Convergence order of NR. How does |xg41 — z*|
relate to |z —2*|? We know z41 —2* = p(zx) — o(a*). Use
Taylor series (with remainder theorem):

39" (&) (@ — 27)?,

with & € (zg,2*). Assume a simple root (f'(z*) # 0), then
#(z%) = 0, 50

o) = p(z7) + ¢ (27) (we — 27) +

p(ax) = p(z") = 50" (&) (@ — ™)

or | |
: Tp1 — 27 1|, (o
lim —————— =3
A T e 2P @)
Convergence with order p = 2
1 *
L My L f (m)
c= 2|SD (LL’ )l 2 f’(ll?*)

Note: double root = linear convergence.

Bisection method. Convergence speed is equivalent to lin-
ear,c=0.5, (p=1)

14+v5 1,618

Secant method. p= -5

(simple root).

Lecture 5

2.4 Error estimation and stopping criteria
[1, 4.5]

2.4.1 Conditioning of the root finding problem

In numerical analysis:

Definition 2.6. A problem is well-conditioned if the solution
is not highly sensitive to small perturbations in the problem
formulation. Similarily a problem is ill-conditioned if the re-
sult is highly sensitive to small perturbations.

For the root finding problem, find a* s.t. f(z*) =0.
Consider perturbed problem: f(x)44d = 0, where 4 is small.

\

Figure 2.9: Diagram of f(x) + 4.

If | f/(2*)] is small (= 0), then |Z* — z*| is large for small 4,
so root is ill-conditioned. (e.g. |f/(z1)| is small, |&F — 7] is
large: ill-conditioned).

If | f/(z*)] is large (> 1), then |Z*
d, so root is well-conditioned.

Note: the solution to an ill-conditioned problem is hard
(or impossible) to compute accurately on a computer due to
rounding errors etc.

— 2*| is small for small

2.4.2 Error estimation and attainable accuracy

Problem: find z* s.t. f(z*) =0.

single root: (f'(x*) #0).

Assume f(z) and f’(z) are continuous. Consider a root
finding method (iterative) on a computer. Iteration is stopped
at 2, = Z (in most cases, Z = z*). Let f(Z) be the computa-
tional approximation of f(Z).
_ (Note: due to rounding and other approximation errors,
f@) # £(@),

Assume |f(Z) — f(Z)| < § (e.g. unit roundoff).

Question: can we bind |z — x*|?

Yes:
f(@) = f@) = f(@") = f(§) (@ —2") (MVT, £ € (z,27)).
Hence
|— _ *| — f(g_c) .
f€)

Assume |f'(x)] > M > 0 in a neighbourhood of z* that in-
cludes Z. Then |T — z*| < % Then use

f(@) - f@)] <6 = [f@)] < |f@)]+06

f(z)| +6
|z—z"| < % “method-independent error estimate”.

Note: the error bound can be made smaller by reducing f (7)
(more iterations). If f(Z) = 0, then

“attainable accuracy”.

Note: M ~ f’(z*): link with condition of root. So small
f'(z*) <= ill-conditioned root <= large error bound.
double root: f(x*) =0, f'(z*) =0 (f"(z*) #0).

(€

£@) = f) 4 £ )@ - o)+ L @y
=0 =0
e i@ _2@)
= =T =2me < T

with |f”(z)| > M2 > 0. So we have

) “method-ind. error estimate”

[ 25
|z —z*| < A “attainable accuracy”
2

Note: double precision, rounding: § ~ 10716, /§ ~ 1078,
which is much worse for double root than for single root (if
M ~ Ms).




2.4.3 Stopping criteria

Stop if

(1) |zg41 — zk| < 71 (a tolerance)
(2) f(zk) < 712 (a tolerance)

(3) k= kmax

or a combination of these.

30 T

Figure 2.10: x converges to z™.

Notes: it is difficult to find good values for 7, 72, and kp,qz -
(1) potential problem: may stop too soon

(2) hard to choose 79

-
QI Yoo Small

Figure 2.11: f’ may be too small near the root.

Conclusion: trial-and-error.

2.5 Roots of a polynomial.

Consider p(r) = ay23 +asx? +azx +ay (degree 3) (in general,

1) naive approach: compute x2, 3, ..., z": (n—1)M, where
M is one multiplication.

Compute p(x): additionally, nM and nA (A is one addi-
tion). Then the total work done is:
W=02n—-1)M+nA
= 3n — 1 flops (floating point operations)

(assume that, on the computer, additions and multiplica-
tions take about the same time).

2) Horner’s rule: p(x) = ((a12 4 a2)z + a3)x + aq.

W =nM +nA = 2n flops
p’(z) can also be computed efficiently using Horner, see [1].

2.5.1 Compute all roots of the polynomial.

1) deflation: find z1 via NR. Then apply NR to 2@)

r—I1

Problem:
e Complex roots cannot be found.
e NR may not converge unless the initial guess is chosen

very close to x*.

2) eigenvalue method: rescale p(x) = x% + cox? + c37 + ¢4

with ¢; = 3+ (a1 # 0). Consider the companion matrix of

p():
—C2 —C3 —Cyq
CcC=1]1 0 0
0 1 0

Characteristic polynomial of C"

—CoX1 — C3X9 — C4X3 — )\33‘1
Tr1 = )\1172
Ty = )\%3

C¥=\d =

So —caA\%z3 — c3Axy — cqx3 = A3x3, which gives
A3 + Cg)\2 4+ 3+ ¢4 =0.

Finding the roots of p(x) is the same as finding the eigen-
values of C'. We use iterative methods for eigenvalues from
numerical linear algebra to find the eigenvalues (also the
complex eigenvalues).

Lecture 6

degree n). One possibility: find roots by using NR efficiently 2.6 Nonlinear systems [ 4 8]
. , 4.

p(w)
P (k)

Tk41 = Tk —

How to compute p(x) efficiently:

ex. fi(zy,20) =422 + 922 - 36 =0
fa(wy, 20) = 1622 — 922 — 36 = 0.

10



xy

Figure 2.12: Example of a non-linear system.

2 equations, 2 unknowns, 4 solutions (nonlinear eq.)

Notation 2.7.

z= [“] = (z1,22)7

=[] = [her ) = oo

Then f(x) =0 (also for n = 3,4, ...,
of unknowns)

where n is the number
2.6.1 Newton-Raphson for systems

" [k]
x [k]

Truncated Taylor: ([ is the initial guess)

0= f1a) = S + 22 @) o — ol
+ 20 010y a5 — o)
— () ~ o) 4 282 oy pr 0
0= fala) ~ o) + 5L @) 0t — ol
+ 2L (000 03 — ol

Definition 2.8. The Jacobian matrix of f(x) is:

W%m e
) = 6 1 6952 .

In NR, we want to find z[') = (2} [1] [2 , such that

[ [0]
)

Lo [0]
or 0= f(zl% +
)L ().

J(m[o]
or in general

P k] p(l

f(xk)).

(compare to 1D version: Tp41 = T — e

In practice:

J(x[k])h[k] —
L .

—f(z*1) (solve linear system)
AL

Since inverting a matrix is about 3 times more expensive
than solving a linear system (see later).

Theorem 2.9 (NR Convergence Theorem). If we have that

e f(x) is thrice continuously differentiable in a neighbour-
hood of =*,

o J(z*) is nonsingular, and

e 2% is chosen sufficiently close to x*,

then NR converges quadratically:
” x[k+1 *”
—z*3

Proof. No proof. O

i
Koo |[2TH] —

2.6.2 Fixed-point method

As before we have f(x

Theorem 2.10 (Convergence Theorem for fixed-point). Let
I ={z:||lx—a*s <0} Let D(z) = [dij(z)] (Jacobian of
w(x)), where d;j(x) = gi; (z). Choose z1 € I. If

=0 <= z* = p(z).

0<m<L: D)z <m < 1Vrel,

then 2F+t1 = o (zlF) converges linearly:
e — oy < mlla 2l

Proof. No proof O

3 Numerical methods for ODEs
[1, 10]

3.1 Introduction [1, 10.1]

Definition 3.1. The initial value problem (IVP) for a first-
order scalar ODE is to find y(x) s.t

y'(z) = f(z,y(z)) (ODE)
x € [a, b] (domain)
y(a) =« (initial condition)

Example 3.2. Consider the following IVP:

y'(z) =ylx) — y(z)=ce”
z € [0, 10]
y(0) =1

y0)=1l=c-1=c.

y( x),

N

-/

Figure 3.1: Given IVP, with a unique solution: y = e”.



Note: we only consider first-order systems of ODEs, be-
cause high-order ODEs can be converted into first-order sys-
tems.

Example 3.3.
y" + 3y + 4y = cos(x)

yo(z) + 3ya(x) + 4y; = cos(z)
Yy (x) —y2(x) =0
Introduce new unknown functions:
yi(z) = y(x)
y2(z) = y'(z) (= y1(2))
— yh(x) =y (x)

This gives us a linear first-order ODE system:

I Y | A

5 J
or rather ¢y = Ay -+ b, where
[yl(ﬂf)

¥ —11] ’ y2(2) 0

A= {_ , } , b= [cos(w)]

More generally we have a nonlinear first-order ODE system:

Y = f(z,y(x)),

where y and f are vector functions, z is a scalar.

3.2 Euler’s method [1, 10.2]

Consider an IVP:

¥(2) = f(zy(x)) (scalar)
x € [a,b]
yla) = a

Divide [a, b] into N equidistant subintervals:

h
-
—t—t—t—t——t—t—F
T
a b
ZTo T1 T2 TN
where h = >5%, and x,, = a + nh, for n € {0,1,..., N}, are

the “grid points”.

Notation 3.4.
y(x,,) is the exact solution.
Yn is the approximate, numerical solution.

3.2.1 Deriving the method

Y (zn) = f(@n, y(zn))
approximate y'(x,) by a finite difference:

Y(Tn — YlTn
s ylarn)) = o () v D) 2 V),
from the definition of the derivative.

Assume y,, = y(x,) is known. Then define y,,+1 by:

(@, yn)

_ Y41 =
N h
or

Ynt+1 = Yn + A f(Tn,yn) (Euler’s method)

3.2.2 Local and global truncation errors

iw@
~ &
e y=a, s
Ao X1 DC1_

Figure 3.2: Euler’s method.

Note: g(x) is an exact solution of ¢y = f(z,y), with initial
condition y(x1) = y1.

Definition 3.5.

Ent1 = Y(Tnt1) — Ynt1
U1 = ?)(anrl) — Yn+1

Global truncation error:

Local truncation error:

where g(z) is the exact solution of y' = f(z,y) that goes
through (z,,yn). Note: §(zn) = Yn.

Local truncation error for Euler’s method.

bnt1 = 9(Tnt1) — Yn+1
= Z?(xn =+ h) - (yn + hf(xmyn))
= :l}((En) + gl(xn)h + %z}”(f)hQ —Yn — hf(xn7yn)
(where & € (2,2, + h))
= Y + f(@n, §(zn))h+ 55" (OR® — yn — hf (Tn, yn)
Yn
= 19"(¢)h* € O(h?) (second order)
Lecture 7
Recall: IVP
y'(z) = f(z,y(z))
x € [a, b]
y(a) =a
Euler’s method:
Yo = ¢

Yn+1 = Yn + hf($n7 yn)

{

Note that Euler is an explicit method since there is an explicit
formula to compute y,,+1 from the previous value, y,. Also
recall the truncation errors:

global:  e,41 =y(Tn+1) — Ynt1
—_—
exact approx.

and local:  £p41 = §(Tnt1) — Ynt1 = 39" ()R> € O(R?).

12



With € € (zp, xn + h) and gﬁw use ieom. series: > r_rF =s = T'P:_ll_l, where r # 1.
N N en we have
{ 7'(x) = f(@,9(x))
J(@n) = yn Lioas ((L+RL)" =1
<1 RS
len| < 5h*M o

3.2.3 Convergence proof for Euler’s method

We then use that e* = 1 + x + Le 22, where € (0,z).
Definition 3.6. We say f(z,y) is Lipschitz continuous iny 7. o 2 ’ e € (0,2)

on [a,b] x (—o0,00), if 3L > 0 such that Vz € [a,b], and
Yy, § € (—o0,00), we have 14z = ()">1+2)" (z>-1)

|f(z,y) = f(z,9)| < Ly — 9|

fox),

——

I
I
|
| X
[ I
hM
: : = lenl < §7- (""" — 1)
I
! :\ N Note: x, = xg + hn. Now fix ¢ in z,, = ¢, and let n — oo as
Y Y y h — 0 (s.t. hn is fixed).
Figure 3.3: The slope of any secant line is bounded by L.
"+ttt (j
a c
Note: Differentiable = Lipschitz cont. = continuous. o Tn
Theorem 3.7 (Global convergence of Euler’s method with
global order O(h)). Consider IVP: Then
y'(z) = flz,y(z)) lenl = ly(zn) — ynl = ly(c) — ynl
z € la,b hM
y(a)[zo]é S %T(eL(C_xO) - 1) € O(h)

Let f(x,y) be continuous on [a,b] X (—o0,00) and Lipschitz Note:

continuous in y on [a,b] x (—oo, 00) with Lipschitz constant L. local truncation error: O(hPt1)

Assume' IM < oo : |y (z)] < M, Vx € [a,b]. Then Euler’s  global truncation error: O(hP)

method converges for any fived x, = c (c fized, n — 00) with due to accumulation of errors (reducing h requires more in-
order O(h). tervals). O

Proof. . . . . _
f Take into account rounding errors, i.e. consider {g,}2_,

Ent1 = Y(Tnt1) — Ynt1 instead of {y,}Y_,. Have

= y(xn) + hy'(mn) + %hgy”(fn) - (yn + hf(xm yn)) Un+l = Yn + hf($n7 gn> + ppn

(where &, € (Tp, Tni1))

bt = en U@ y(en)) = Honn)) + HyGe,)  here fon B due o tounding ervors in -+ b (o )

(propagation of) previous error local truncation
error, new in this B
step Op = y(gjn) — Un-
lent1l < lenl + Al (@n, y(@n)) = F(@n, yn) + 37°1Y" ()]
112 So we get
< |€n| + hL|y(zn) - yn‘ + §h M
lent1| < (L+hL)|es| + 20°M 6p41] < (1 +AL)[6,] + 10*M + puR
n—1 .
1< (14 hL)" 1R20 1+ hL)* with |p,| < R, Vn. Assume that fl(a) = «, so 6o =0. z, =¢
en] < (1+hL) v|€0| i (kz_()( +hL) (c fixed), then

=0

2

1 . . . .
This assumption also guarantees the existence of a unique exact |y(c) _ gn‘ < ’(

M
solution to the IVP + MR) /(hL)

[exp(L(c — xg)) — 1]

13



hM  uR

— < | — —_

or

[exp(L(c — x0)) — 1]
Note: p ~ 10716,
For ‘large’ h (h > p), we have O(h) convergence.

For ‘small’ h (h & u), rounding error may dominate.
Note: Euler for systems. Consider IVP as before, but with

Al |

], Y = (), fz[b]

Then Euler’s method for systems can be written as:

{fl (z,91,92)
f2(-13, Yt y2)

where

_ |
Y LJQ

Y1 — il p(aln] ylol)

3.3 Runge-Kutta Methods [1, 10.4]

Try to get a better accuracy than Euler’s O(h).

i = Bl Ve
\(1'—'— F(xwu,ﬂn-ﬂnclxmjn)) a
Yats (Euler)
‘3()(..):(],\
slope
it R
= 4
kf,.ujﬂ"‘";\ /
/
= —
cule
ls\npe k, Q’-SJ‘:.‘('):Q 3 lom‘ L
5
x Liryg «C

n

Figure 3.4: Runge-Kutta. Use slope k = % to determine yp41.

Example 3.8 (Heun’s Method).

kl = f(xrmyn)
k2 = f(mn+17yn + hkl)

ki +k
Yn+1 = Yn + h (122>
Note that this is a non-linear method.

Truncation errors:

b1 = §(Tn1) = Yni1 € O(h?)
ent1 € O(h?) (1 order better than Euler)

Note: “classical” 4-stage RK method: [I, p. 321] global order
O(h*). 4 stages, 4 evaluations of f(x,y) per step.

Lecture 8

3.3.1 An implicit method [1, 10.5]

Trapezoidal method. Consider ¥’ = f(x,y(x)) as usual.
Then integrate (assume y(z) is known):

/ T Y@y de = / " fa () de

n n

Now use the trapezoid rule for
numerical integration to approxi-
mate the integral:

hf(xn7y(mn)) + f’éwnJrlvyéanrl))
2

hf(xnvy<xn)> + f(anrlvy(anrl))
2

~
~

/ " () de

n

- y(xn+1) - y(mn) ~
Now find ¥,, and ¥,,41 such that

f(xna yn) + f(xn+17yn+1)
2

Yn+1 — Yn = h

Note: implicit: if f is a non-linear function, we need to solve
a non-linear equation to find y,41.
Truncation errors:
local truncation error O(h?),
global truncation error O(h?) (better than Euler).
Note: how to solve a linear system?

a(n.n =441) NR

2) fixed-point

K K
! = el
(K]
ns JIn xn Y In
gl :yn+hf(fﬂ2y ) —i—hf( +12 y +1). (3.1)

Initial guess:
predictor: 1 step of Euler: yﬂrl =Yn
corrector: iterate on equation (3.1).

This is called the predictor-corrector method.

+hf(@n, Yn)-

Sufficient condition for convergence of corrector:

‘dw(ynm <1

dynJrl

2
10f/0y|

in a neighbourhood of the point (z,4+1,ynt+1). Note that
the disadvantage of predictor-corrector procedure (fixed-
point) is the limitation on the size of h. h should be not
too small.

Note: many implicit methods are more numerically sta-
ble than explicit methods (larger h can be used without
“blowup”). Many explicit methods become unstable? nu-
merically when h is too large.

hof
2 0y

dy
dyn+1

— h<

2Exponential growth of the error for n — oo, when h is fixed.

14



3.3.2 Numerical Stability [1, 10.6]

Previously we studied convergence of Fuler methods. Fix
¢ =x, = xg+ nh, then let h — 0 as n — oo such that An is
constant. Then we asked “does y,, converge to y(x,) = y(c)?”
Now we study numerical stability: fix h, and let n — oc.
Stability question: “does y,, stay close to y(x,) as n — oo
(fixed h) and x,, — 00?”
Note: some convergence methods may be unstable for any h.
First: Consider scalar ODEs. We study the “test equation”:
y' =y

{y(0)=1

Numerical stability: we require that lim,, o ¥, = 0.
This implies that lim,_, £, = 0 (global truncation error).

(A<0) = y(x)=exp(Azr)
note lim, oo y(z) =0

Example 3.9. Apply

Ynt1 = Yn + hf(Zn,yn) (Euler’s method)

to the test equation:
Yn+1 = Yn + h)\yn

=1+ h\)yn

we require lim, o0 Ynt1 =0

= [1 4+ k)| < 1,
or —1<1l4+hr<1
or —2<hA<0

So we get the stability condition for Euler method:

-2
h < R

In general, y' = f(x,y) is stable iff
2

0f /0yl

Reason: use Taylor to get

h < (approximately). (3.2)

/

Y = f(a,y) ~ f0) + %(x,yoxy ).

then apply the previous stability analysis to the linearized
equation to get the result (3.2). Note that (3.2) is a guide-
line, because it may not actually be stable depending on the
function. Similarily:

Heun RK:
RK4:

2
h<W
h'<

explicit methods
2.785
[A]

Question: why not consider A > 0 in test equation?

Suppose A > 0, then lim,_, . y(x) = 00, 80 limy, 00 Y = 00

is okay, and lim, o |y(2n) — yn| = o0 is not a problem.
Observe: the concept of absolute stability® is not relevant

in this case. It is possible to define a more relevant concept

of relative stability.

3also known as numerical stability

Example 3.10 (Trapezoidal method). Test equation:

Yy =Xy (A<0)
Trapezoid:

f(wna yn> + f(anrla yn+1)
2

Yn+1 = Yn +h

apply to test equation

h
Yn+1 = Yn + 5()\% + A1)

(1 + ;u)
Yn+1 = n Yn
— k)
we require
142X i
iy <1 = conditionally stable
T2

(holds for any h > 0 since A < 0)

Example 3.11 (Midpoint Rule). Have y' = f(z,y). Approx-
imate y'(zp):

y(xn+1) - y(xn—l)
2h

Y (zn) ~ (central finite difference)

Instead of

y(anrl) - y(xn)

3 (Euler).

y/(xn) ~
Then we have that

y(an) - y(xnfl)
2h

~
~

— Yn+1 — Yn—1 — 7

2h
= Yn+1 = Yn—1 + 2hf(xn7yn)

(Tn, Yn) midpoint rule

explicit, 2-step

Local truncation error O(h3),
global truncation error O(h?).
This method is convergent on a fixed interval (as h — 0).

Absolute stability. Apply to test equation:

Ynt+1 = Yn—1 + 2hAy,  (difference equation) (3.3)

Assume: y,, = er™ (ODE: y(x) = cexp(rz)). Plug into (3.3):

er™th = er™ 4 2her™

— 72— 2hrA—1=0 (characteristic polynomial)

Two roots:

A+ VARENE 4
pyy = 2 Z}MJ’ — hA+ VRN + 1

General solution of (3.3):

n n
Yp = €177 + Cary.

15



We require assume A has two linearly independent eigenvectors (A is di-

agonalizable)

lim, oo ¥n =0 (A <0, hA <0)

Iri| <1 Avlt = Apol!

Ira| <1 Avl = Ayl
We have

r=hAt VXTI [0}, 21) — 2y A O
Ao = [vH v
o = hA — V/h2A2 + 1 ] = ][0 AZ]
= 1o < —1 or AR=RA (R = [p!}oP]])
_ A1 0
Since hA + 1 < VRh2A2 +1: A=RAR™ = RAL (A_ {01 )\2})
a) h.)‘ +1>0 = h*A?+2hA+1 < h?A\? +1 which is ok o [ AR = A (A is diagonalizable). We call LAR the similarity
since 2hA < 0. transformation. Note: general solution to y' = Ay:
b) hA+1 < 0 clearly ok. y(z) = cyolexp(Aiz) + cavl exp(Agz)
Therefore midpoint rule is unstable for any h. So we have
Midpoint rule is not used since it is not stable. y = RALy
(Ly)" = A(Ly)
Lecture 0 let z, = Ly (change of variables)
= ' =Az
or z; = M2z

3.4 Numerical ODEs zh = A2z (the ODE system has been decoupled)

Recall, numerical stability [1, 10.6]. We have the test equation TFAE:

(a) numerical stability for y' = Ay.

Yy =Xy (A <0)
(b) numerical stability for 2z’ = Az (follows from (a) by lin-
y(t) = cexp(At) earity)
lim y(t) =0 (¢) numerical stability for 2} = N\jz; (1 =1,2,...,n).
t—o0

) ) ) Note: For a real A, there may be complex conjugate \;.
Fix h; apply numerical ODE method to test equation. o . .
Note: This is really our good old test equation with com-

Require lext A
lim y, =0 PIex Ai-
n—oQ
Test eq. 2’ = Az where z is complex and Re(\) < 0. Note:
ex: Euler: why Re(A) < 0: let A = s+ it, with Re(\) = s < 0. Then
Yn+1 = Yn + hf(xna yn) Z(JZ) = cexp()\z)
Yn+1 = Yn + hAYn = cexp(sx) exp(itz)
h < 2 is required for stability = cexp(sz)(cos(tz) + isin(tx))
Al lim z(z) =0 if s=Re(A) <0
T—00
3.4.1 Numerical stability for systems Example 3.12 (Euler (explicit)).
Consider linear systems: (we can linearize nonlinear ODE Ynt1 = Yn + hf (T, Un)
systems) IVP:
y/ — Ay ODE: y/ = Ay.
z € [a,b)] A: eigenvalues A; (i =1,...,n), assume Re()\;) < 0.
«a consider test equations
y(a) = B
Z=XNz for (i=1,...,n) (3.4)
where
Y1 9 numerical stability:  choose h s.t. Euler is stable
Y= 1y, €R (limy, 00 2, = 0) for 2/ = \jz for all i = 1,...,n. Note that
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Znt1 = (1 4+ hA;)"z0 by applying Euler repeatedly to (3.4).
We require: |1+ h\;| <1 (because then lim,, o 2, = 0)
If \; is real: h<|T%‘0rh<;—?orhAi>—2.

N Ivv\(l\;\)
A
4 f‘f Re(h)
¢« " S
A1
Vv

Figure 3.5: Region of absolute stability for Euler is a circle with
radius 1 centred at (-1,0). We choose h such that hX; € stability
region.

TFAE:
o [1+h\<1

o |(1,0) + (Re(hN), Im(hN))| < 1

e /(1 +Re(h)))? + (Im(hA))2 < 1 and
V(x —20)2+ (y — yo)? = r is the equation for a circle
with radius r centred at (zq,yo).

Example 3.13 (Heun (2-stage RK) (explicit)).

1
|1+ hA+ 5hQA2| <1

Twm(hX)

| —— VHA' [
circle

Qe/("\ A)

Figure 3.6: Stability region for Heun.

Example 3.14 (Trapezoid (implicit)).

hA
1+7

<]
1 hA
T2

T (hA)

Re (w 2)

Ay

Figure 3.7: The left half-plane is the region of absolute stability in
the trapezoid method.

Let 2 = —a + ib where (a > 0), then

VI —a)2+b2 < /(14 a)?+ b2

is always true for @ > 0. Hence the left sub-plane is the region
of absolute stability. Therefore this method is stable for any
h, i.e. unconditionally stable.

In general implicit methods tend to be more stable than
explicit methods (but not always unconditionally stable).

3.5 Stiff ODE IVPs

“Stiffness” of ODEs is hard to define mathematically, so in-
stead we will give an example:
Consider the IVP:

u” 4+ 101w’ + 100u = 0

w(0) = 1.1
W/ (0) = —11
z € [0,1000]

(1) Exact solution:
u(z) = cexp(A\x)
0 = cA\? exp(Az) + 101\ exp(Az) + c100)\ exp(Ax)
characteristic polynomial: A2 + 101\ + 100 = 0, with

—101 4+ /1012 — 400 ~1
L2 = 2 1 =100

general solution:
u(x) = ¢ exp(—x) + ¢z exp(—100x)

c1 =1 (since u(0) = 1.1 and v/(0) = —11)
Co — 0.1

(2) Write as a system to investigate numerical stability

U =Y

/

u' =y =1y

17



yh = —101yy — 100y, 3.6 Adaptive step length control [1, 10.7]

Y1 = Y2 Choose h adaptively in order to limit the local truncation
error in every step.

Eﬁ]/: [?00 1101} Bﬂ oo

where y;(0) = 1.1 and y2(0) = —11. Eigenvalues of A as ’\ '1 V\
given by the characteristic polynomial: r \ / \
-2 1 2 / \
’100 101 - /\’ =A*+101A+100  (3.5) N \ m\ | \,/
VIV
U
1 U0 = c,exp[il,x)-i-cze;(p(&-[)’_\ I 2

Figure 3.9: Adaptive steps length.

e We need to estimate the local truncation error and

e Take smaller steps when the error is estimated to be too
large.

lgoo "X

Figure 3.8: The difference between the two functions diminishes 3-6-1 Estimate the local truncation error

with increasing x. Given

Ly Lly-+eyLp
Note: ¢ exp(Agr) only matters® for small z. Yo, Y1, - -+ Yn

Note: Assume z is time, then . .
) with current h. Take the next step: 41, yn4+1. Estimate the
czexp(Aox) changes on a short (fast) timescale and oppor ip step n + 1. Consider two methods of different order.
c1 exp(Ax) changes on a long (slow) timescale

Method A: RK4° (4 stages, local order 5)

Definition 3.15. IVP is called stiff when
local truncation error:

1) there are multiple disparate timescales in the problem and ) “
62 =y — 9(zng1) = O(RP) = ch® + O(h) ~ ch®
2) the fast timescale is not important on the timescale of the 1= Un1 ~§(@n) () ()

IVP. where §(z) is an exact solution of ¢y = f(z,y(x)) going

(suppose we are interested in modelling a physical problem, through (25, yn)-

and we are particularly interested in the slow, long-term Nethod B: RK5 (5 stages, local order 6, global order 5)
changes)

(B _ (B) _ 4 _ 6
In case of a stiff problem: bt = Ynir — 9(@ng1) = O(R7)

e asmall h (timestep) is not required for accuracy (because yr(;j-)l _ ygr)l =ch® +O(h®) = ggi)l ~ ch®
changes are slow, large h is sufficient)
use y( ) — i) to estimate £}, but we also know h
_ ) . Yni1 — Yny1 to estimate £, but we also know how
e a short timescale in the general solution (A2 = —100) /A Jepends on h (approximately)
forces us to use a very small timestep for Euler, Heun n+1 6P - \8PP J
(inefficient). . .
3.6.2 Take smaller steps when error is estimated too
Unconditionally stable (implicit) methods are useful for stiff large
IVPs (choose h large based on accuracy, h not limited by (4) (4)
stability) Once we know £, '), how can we adapt h to limit £, ; to a
fixed tolerance.
Given h, used to compute yf{i)l and yfﬁ)l. We want to find
Lecture 10 a new h s.t.
(4)
‘€n+1| < d
4Significantly contributes to the solution S5the 4 indicates the global order

18



determine the estimate for the optimal timestep, hop::

|€n+1| ~4
|Chopt| ~4

5\
hopt ~ E

= /5
A < Sho )
opt ™~ A B
‘y'SH»)l - yﬁw)l

5 v
|yn+1 ~Yni1

or hopt = hy

1/5
1)
where v = <()>
|yn+1 yrH—l

3.6.3 Algorithm (similar to ode45)
Consider interval [z, T,41].
h=z,41 —x,
Compute
(4)

Ypy1 (with O(h®) local order)

using timestep h
?/£L+)1 (with O(hS) local order) } & P

A B
Estimate én = y£L+)1 y£L+)1
/s
Compute hopt = h | —c—mr = hy.
‘yn+1 ynJrl‘

Case 1: |y7(;i)1 - y,(ﬁ)1| < d: accuracy using h is sufficient.

| h | hopt
T T T T

Tn Tn41

Accept the current computation for y,,1.
Use (zp41, yﬁf_)l) as new approximation.
Use hope as initial step length in step [zp41, Tpt2].

Case 2: |y7(i)1 - y,(ﬁ)l\ > ¢ : not sufficiently accurate using

h. Recompute step [2,,, Ty41] using b < hopy.
Notes:

1. Safety factors are needed.

5 v
~ =min{ 0.8 <(B)> 5
|yn+1 ~Yni1

Where 0.8 is for efficiency® and 5 for stability.

i | i |
T 1 T "

hopt Ln41 Tn42

6Conservative estimate, to avoid redoing a step if the estimate was
just a bit too small

2. Also works for systems: Hyfl’i)l - yn 1 ||

3. For efficiency: construct special RK4 and RK?5 pairs that
use common function evaluation points (“nested”).

; "( iy e)
Con be (QUSCJ“C/—\V Dns

methods A and B

are “pested”

o £xa 14

X, x /oy Lnsy

Figure 3.10: RK45 - Fehlberg pair [1, 10.7].

4 LU Decomposition of a square ma-
trix - solving linear systems Ax = b

[1, 8]

4.1 Introduction

Solve Az = b, where A € R™ "™ and z,b € R".
Recall: Gaussian elimination two phases:

1) Reduce A to upper triangular form by row operations.
2) Solve the reduced system by back substitution.

Example 4.1.

1 2 3
A=14 5 6

7 8 9
1 2 3 ]

S A =10 =3 —6| (2)=(2)—ma(l) mmz%
0 —6 —20| (3)=(3)—ma(1) mz =1
1 2 3

—A"=10 -3 -6
0 0 —28] (3")=(3)—ma(2) ms==5

Where A” is upper triangular. Matrix elements in bold are
called pivot elements.

4.2 LU decomposition

Definition 4.2. Gauss transformation matrix:
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1
AN
2 1
Ly =
Me+1k N\
N
Mn,k 1
Example 4.3.
1 00
Li=14 1 0
7 0 1
Properties of L;:
(1) ) i )
) .
AN
k 1
L' =
—Mk+1k N\
AN
—Mn k 1
Proof.
y = Lix
Yi = Ty, fori=1,...,k, and
Yi =T + mizrg, fori=k+1,....n
Ti = Yi, fori=1,...,k and
= T =Y —Mi Yp fori=k+1....n
—~
Tk
(2) Assume k < ¢:
) k ¢
) . .
AN
k 1
Lyl = Mit1k N\
4 1
Met1e N\
' AN
L mn7k mTL,Z

20

O = O
= o O
OO =
o~ O

Note:
Alb1|ba|bs] = [Aby| Abs| Abs]

back to Example 4.3:

A
—A' =LA
1 2 3 1 0 0f 1 2 3
—-10 -3 —6[=1]-4 1 0| |4 5 6
0 —6 —-20 -7 0 1] |7 8 1
Note:
ai a1 B
a9 B = GQB
as asB
1 0 0
Ly=10 1 0
0 2 1
—>A":L§1A’
This gives

U=A"=L;"Li'A
— [ L U=A

let L = L1Lo, then
LU=A

this is the LU decomposition of A
A=LU

with U: upper triangular,
L: unit lower triangular.
Gaussian elimination is the same as LU decomposition.

Lecture 11

4.2.1 Solving a linear system, Ax = b

1) A=LU
2) LUz =b:
<~

Y
Solve Ly = b for y by forward substitution.
Solve Uz = y for x by backward substitution.



Matlab code and computational cost.

(a) LU decomposition:

1
2
3
4
5
6
7
8
9

10
11
12
13
14

function [L,U] = lufac(Ad)

n = size(A,1);
L = eye(n);
U = A;

for k = 1:n-1 % pivot rows
for 1 = k+1:n J, rows below pivot
m = U(1,k)/U(k,k);
U(1l,k) = 0;
for ¢ = k+l:n
U(l,c) = U@,c) - mxU(k,c);
end
L(1,k) = m;
end
end

Note on optimizations:

1. Store U in A (save memory)
2. Store L in A (save memory)

3. vectorize in MATLAB, get 1 for loop [, p. 212]

Computational work: A € R"*"
Computational complexity:

work: W € O(n?).

Recall:

= %n(n —1)(2n—1) (proof in [1, p. 195])

k=1

21

Pivot rows: k=1:n-1 = n — 1 pivot rows.
for each k: n — k rows below the pivot:

row [: 1 flop”for computing my, = &

agk”

W= ;(2 (n —1 k) (nm:vsk) +(n—k))
n—1
=Y 20 —k)?+(n—k)
k=1
= 2"_ (n —k)* + O(n?)
—
=2 Z r? + 0(n?)

_ %n(n —1)(2n— 1)+ On?)

= gnB +0(n?) € O(n?)

3 (for large n)

(b) Ly = b: forward substitution.

1 function y = forward(L,b)

2 n = size(L,1);

3 y = b;

4 for k = 2:n

5 for ¢ = 1:k-1

6 y(&) = y(k) - L(k,c)*y(c);
7 end

8 end

(¢) Uz = y: backward substitution.
W =n?+ O(n) flops.

4.3 Pivoting [1, 8.4]
Consider the equation Az = b.

Example 4.4.
@ 1[]_[t
1 2| |22 0
@ o [1] _[o
0 1] [z 1
where the circled position has to be non-zero to be used as a

pivot. Say
1 0|1 2
C_LU_k Jk J.

Note: A and C' are related by a permutation matrix.

Ax =0

Cx=d

p="1 PA=C — PA=LU
o)
pa= [ 4= [ = [

7A floating point operation, which could be one of: multiplication,
addition, division or subtraction.



Definition 4.5. P is a permutation matriz iff P is all zero,
except for a single 1 in each row and each column. Such P can
be obtained from the identity matrix by interchanging rows
(or columuns).

Note: multiplication by P on the left switches rows.
right switches columns.

Proposition 4.6 (A property of a permutation matrix).
det(P) = +£1.

Proof. Interchanging two rows of a matrix changes the sign
of the determinant (or determinant formula).
Note: permutation matrices are non-singular.

O

Definition 4.7. P is an elementary permutation matriz iff
P can be obtained from I (the identity) by interchanging 2
TOWS.

Note: we write P, to indicate that rows r and s are switched.

Proposition 4.8. The following are properties of elementary
permutation matrices:

1) PTSZP;‘[;
2) P’I";l:P’r’s

Proposition 4.9. Any permutation matriz P can be written
as a product of elementary permutation matrices.

Proof. See [1, p. 204] O

Definition 4.10. A € R™*" is an orthogonal matriz iff
AAT =T =ATA
where I is the identity. Note: AT = A~L.

Proposition 4.11. Any permutation matriz P is orthogonal.

Proof. Assume P = P, P.q, by Proposition 4.9. Then

PLP.,I=1.
N——

C

PTP =Pl PL Py Py =
I

Similar for more elementary matrices. O

Proposition 4.12. A product of two permutation matrices
18 a permutation matrix.

Proposition 4.13. The following are properties of the deter-
minant:

1. det(AB) = det(A) det(B), for A, B € R"*".
2. Suppose U is upper triangular, that is

Uil X

U =
Unn

then N
det(U) = H Uis -
1=1

The same it true for lower triangular matrices.
Note: det(Ly) = 1 = det(L;").

22

Block matrices.

Example 4.14.

o
|

3

A1
Az
2

Aiz
Az
1

2
1

B
B2
2

B2
Baa
2

2
1

|

EEars

A11B11 + A12Ba ‘ A11B1g + A12Ba
A Bi1 4 A2 By | A21Biz + Az B

Lecture 12

Theorem 4.15 (LU decomposition). (Theorem 8.6.1 in [1])
Every non-singular A € R™*™ can be factored as PA = LU,
where P is a permutation matriz, L is unit lower triangular,
and U is non-singular upper triangular.

Proof. We use induction on n.

Base Case n = 1: trivial
(lra=1a, a#0,whereP=L=1,and A=U = a).

Induction Hypothesis Assume the statement is true for n,
let N=n+1.

Induction Step Consider A € RN*V,
pivot element in the first column of A:
Ja;1 # 0 since A is non-singular, we use a;; as a pivot.
Then perform one step of Gaussian elimination:

Find a non-zero

Li'PA= A

1

m

with L1 = , where m = [may,...,mn1]T, P

is a permutation matrix that switches rows 1 and ¢, and

T
u u u = a; 0
Al = 1 with 1 i 7
0 A2 uy = [Ulg,...,ulN]
then

det(A;) = det(Ly ") det(Py) det(A)
=1-(=1)-det(A)
= —det(A) #0

since A is non-singular
Hence A; is non-singular, so

0 # det(A;) :%E/det(flg) — det(Ay) #0,
0

meaning that /12 is non-singular.
We have Py A = L A;. Now use the induction hypothesis
on Ay € R™ ™ since Ay is non-singular. Then

Py Ay = LyUs.



Decompose A;p: Let
1] o0 . .
Py=|——= , a permutation matrix,
0| P
1] o0 , . :
Lo = |——= , a unit lower triangular matrix, and
0] Lo
I T
U u
U= L , an upper triangular matrix.
0 | U

Now putting everything together, we get:

PlA - L1A1
PiA =L, P]P, A
I

P,PiA = P,L Pl P, A

P,PL A= P, Pl L, U
P

— PA=1LU

L

where
P is a permutation matrix,

L is unit lower triangular, and
U is a non-singular upper triangular matrix.

because
1) P,P; is a permutation matrix by Proposition 4.12
2) L= P2L1P2TL2 is unit lower triangular:

1] o0
0] P,

10

m‘]

1] 0
0| Pf

Py, PY

1

me

0
Py

1] 0
0| Pf

1

me

0
BT

1
152m

0

1

and so
L= P,L1P] Ly
1

PQTTL

1
Pgm

)

Ly

which is unit lower triangular.

3)
U= Uil U:ip
0 | U

is upper triangular since U, is upper triangular, and
it’s non-singular since

0 # det(U)

U1 det(Ug).
~—~
#0

23

O
Note: we can use LU decomposition to compute det(A):

PA=LU —

=

det(PA) = det(LU)
det(P) det(A) = det(L) det(U)

- (il) . det(A) =1- ﬁu“‘

4.4 Vector and matrix norms [1, 8.10]

We would like to analyse sensitivity of x to perturbations in
A and b, in Ax = b.

Definition 4.16 (Vector norm). Let V be a finite dimensional
vector space over R. A wvector norm || - || on V, is a mapping
VY — R that satisfies the following conditions for all z,y € V,
and a € R:

]l =0
lz|| =0 <= z =0,
e[| = |aff[z]],

lz +yll < |zl + [ly]l- (triangle inequality)

For V = R", we study the following vector norms:

to be the 1-norm,

to be the 2-norm, and

lz|loo := max {|z;|} to be the infinity norm
1<i<n

where x € R".

Definition 4.17 (Induced matrix norms®). Let || - || be a
vector norm. Then for A € R™*"™, the induced matrix norm
is given by

A
1A = sup 1421
z#0 ”:EH
Note: we may write
T
JA]l = sup A”HH — sup |4z
a0 || 2] jzp=1

In particular we shall study the following induced matrix
norms:

[Az]lp

[P

||A||P ‘= sup (fOI‘ b= 17 27 OO)

x#0

Note: induced matrix norm satisfies all conditions in Defini-
tion 4.16:

L[l All, = 0,
2. |All, =0 <= A=0,

8Induced by the vector norms



3. [laAll, = || A]lp, and Note that

4. |[A+ Bllp, < [|Allp + [[Bllp- " n
Az),| = ay;Ti| = ayj| =T.
Other properties include: )+l ; e ; lavi]
Ayl [l Az]]
5. Azl < [|Allpllz]l, since Tl = SWPa20 af, Y9 # 0 Therefore |AZ||oo = 7 and so || Allec = 7 O

with equality when y = 0.

Lemma 4.22.
6. [[AB|l, < [ All,lIBllp-

Definition 4.18. A € R"*" is symmetric positive definite |A|l1 = max <Z aij|> “maz absolute column sum”
(SPD) iff A= AT and 27 Az > 0, Vz # 0. t=r=n\im

Definition 4.19. A € R™ " is symmelric positive semi- Proof. Assignment 4 O
definite (SPSD) iff A = AT and 27 Az > 0, Vx # 0.

Proposition 4.20 (Properties). Take A € R™"*™, then

. . Lecture 13
1. A= A" — A has real eigenvalues and a complete set

of n orthogonal eigenvectors.

P ition 4.23. If A € R"*", then AT A is SPSD.
2. Ais SPD = \; >0, Vi€ {1,...,n}. roposition f en is

3. Ais SPSD — X\ >0,Yi € {1,....n}. Proof. Let \;(AT A) denote the i'" eigenvalue of AT A.

T A\\T _ 4T (AT
4. Ais SPD = ay > 0, Vi € {1,...,n}, which means (A7A4)" =474 = (A" A) are real

max;; |a;;| = maxy agr (See Lemma 8.7.1, [1, p. 214]). and
Lemma 4.21 (Lemma 8.10.5 in .
( 1) 2T AT Az = (Az)" (Ax) = ||Az||3 > 0 for any z,
n
y (AT ;
[Alloc = nax Z ;| “magimum absolute row sum” 5° Ai(A"A) 20, Vi. =
i=1 Definition 4.24. Let A € R™*", where X;(A) can be com-
Proof. Recall: plex. Then
p(A) = max |Ai(4)]
Allo = su Az || oo
140l llz] wpzl 4z ]loo is called the spectral radius of A.
feloo =1 = mas o] = 1. —
Let
ped >
— . x
r= max Z la;] (largest absolute row sum). 5 —« <
% Re(ai)
Let ||z]|co = 1, then ||Az||s < 7 since ¢
x %
n n n
(Az)s| = > aga;| <Y laglleg| <D lag| <7 —~
i—1 i—=1 i— SPEC—\—fal
vodius
Now it’s sufficient to find & s.t. ||AZ|e = r and ||Z||e = 1. . .
Let v be the index of the row in A with the maximum absolute Figure 4.1: Spectral radius.
row sum, meaning that
zn: ;| = r 2-norm.
vi| =T
- [Alla = max /(AT A)
1SN
Define z as follows: -
. = max 1/ \;(AAT)
1 if a,; >0 1<i<n
Z; = Sgn(auj) = 0 ifa,; =0 = 1r£ax o; where o; are the singular values of A
-1 ifa,; <0 isn

24



Special case: if A is symmetric (i.e. A = AT so real eigen-
values), then

— (A2
142 = max +/Ai(42)
— . 2
= max v/(Ai(4))
= max |Mi(4)] = p(4)

Example 4.25.

i)

I14ll2 = max [|Az]2

)\172 =2, 4
——

eigenvalues

eigenvectors

AR,

m

=t

Figure 4.2: A stretches and rotates. ||All2 = 4.

4.5 Sensitivity and conditioning of the
problem Az =15 [1, 8.11]

Definition 4.26. Ax = b is a well-conditioned problem iff
small perturbations” in A or b always give small perturbations
in z. Otherwise we say Ax = b is an ill-conditioned problem,
which means small perturbations in A or b may give large
perturbations in x.

So we have two cases:

1) Perturbation in b only: A(x + 0x) = b+ &b, where x is the
exact solution of the unperturbed problem Ax = b. What
is the relative error ||0z||/||z|| compared to ||b]/||b]|? We
have:

Adx = b
= 6z =A"'5b
= [ldz] < A7 ]|b]

Use [b]] = | Az] < [A]z] or " < ][] " to get
[ —
< 4= oo 1AL
E AT
o] 0]
< afa-hedl
"l o

9For example rounding errors.
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Definition 4.27. The condition number of A is given by

K(A) = AlA7

Note that k(A) = ||A||[|A71]| > 1, because:
1= 1]l = [AA7Y ] < [AIATY] = s(A).

If K(A) > 1 then problem Az = b is ill-conditioned.
If K(A) =~ 1 then problem Ax = b is well-conditioned.
Note:

|>\|max

Omazx (A) o

1
[All2|A™ |2 = oin(A)

r2(A) =

where the last equality holds if A = AT since

Ax =z = %z:Aflx if A#0.

Note that conditioning is a property of the problem Ax =
b, and is independent of the algorithm.

Perturbations in both A and b:

Lemma 4.28 (Lemma 8.10.6 in [1]). If there is a p such
that ||F|, <1, then I + F is non-singular.

Proof. Assume I + F' is singular. Then (I + F)x = 0 for
some x # 0. So

[2llp = Il = Fallp < [[Fllplzll,

lz|l, < |lz|][, = a contradiction!

Theorem 4.29 (Theorem 8.11.2 in [1]). Let Az =b,
A € R™" non-singular. Consider

(A+6A)(x + dx) = b+ db.
Suppose T = k(A) ”fﬁl‘” <1 (Note: 7 = ||A7Y|||6A]|). then
A+ A is non-singular and

|5A|>

1A]]

r(A) <|5b||
< +
L—7 \ [0l

Proof. First, we show that A 4+ §A is non-singular.
Rewrite A+ 6A = A(I + F) with F = A='§A. Then

[0 |
]

IF| = A7 0A] < [ATH[|6A] = 7 < L.
Which implies that I + F' is non-singular by Lemma 4.28.
Therefore A + §A is non-singular since

det(A + 0A) = det(A) det(I + F)
——

#0 #0



Now we derive the bound:

(A4 0A)(x + 6x) = b+ b
Adz = 6b— §A(x + 1)
dx=A"10b— A5 A(x + o)
162l < LA [Ibl} + LA [I6A | + ozl
1ozl < IAT 6Dl + 7 (llll + llox])
(1 =)ozl < |A=[lab] + 7]

ol 1 (o I8,

< — (a1
] ol
6] _ 1 ( gl 1
— < A7 A + [|AJl[|A™
ol < 77 (1A Al g+ A
i) _ =) (180 1541
ol =T+ \ ol " A

Note: these are the upper bounds (“worst case”). There
exist certain matrices with very large condition numbers
(k(A)) for which there are algorithms that can compute
However, most matrix
problems where x(A) is very large cannot be solved ac-

the solution very accurately'’.

curately with any algorithm.

Example 4.31. Take ¢ = 107°, and mo; = 10°. Consider
the floating point system:
(8=10,t =3,L 10,U = 10)
Then we have
1075 1 1
0 1—-10%|2-10°
(1 —10%) = fI(—99999)  fI(2 —10°) = fI(—99998)

||M||> =-1x10° =-1x10°
1Al

Let x = {xl}, then
T2

N
105 =N

This problem is well-conditioned, but the algorithm finds a
highly inaccurate result, so the algorithm is unstable.

Why is it unstable? Due to a poor choice of pivot element,
some steps become ill-conditioned problems, which cause the
algorithm to be unstable. Note:

1
—10°

< the first component
should be close to 1

- { 10-5

0

1

1
1Ll & = =10°,  [IL7 o & = =10°
3 S
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4.6 Stability of Gaussian Elimination and

LU Decomposition for Az = b |
8.12]
Example 4.30. Consider the problem Az = b, with
e 1 1
) el eceen
TS T
e—1 -1 ¢
1 -1 _1
— A1y — —|le—11] ~
emat- )= [ <)

Koo(A) 1

4.6.1 Gaussian Elimination

Consider the following;:

e 1 N 1 1
11 0 1-1 Ma1 = =
Then
1 O 5 1
A= LU, L{;ly U{Ol_i

10For example sparse discretizations of Poisson differential equations

1

2
= ||A||oo||A71Hoo = 2~? ~ 4 — well-conditioned

k(L) =~ 10" (ill-conditioned)

Similarly #(U) ~ 10’ = ill-conditioned steps in the algo-
rithm.
, 8.4,

Stability is a problem for the algorithm, not the problem
itself.
Conditioning, on the other hand, refers to the problem. Note
that the choice of pivot element creates very large numbers in
the transformed A (i.e. U).

4.6.2 Gaussian Elimination with Partial Pivoting

We modify the original Gaussian Elimination algorithm. In
every step we will switch rows so that the largest element (in
absolute value) in the column is chosen as the pivot.

Example 4.32.

L) [ 2 Al—e)=1
e 1 0 1—e|1-2 |’ fill—2) =1
We have x5 = 2, and z1 = 1.
1 0 1 1
L_L 1}’ U_[O 1—E:|
} Koo(L) = 1, k0o (U) & 4, (better conditioning)

Gaussian Elimination with partial pivoting is a stable algo-
rithm.
For full pivoting, select largest pivot element from remaining
rows and columns (more work, but not much more stable).

26



Theorem 4.33 (Theorem 8.12.1 in [1]). Consider the prob-
lem Az = b. Let T be the solution given by Gaussian Elim-
ination with partial pivoting. Let 7 = u(n® + 3n2)g,x(A),
where

max; j k |(AL£;€)|

_ “growth factor”

gn =
max; j a;|

where dl@ are the elements of the transformed A at kth step of

Gaussian Elimination, and a;; are the elements of the original
A. Then

12—l _ 7T
[E1PS
Proof. No proof. O

—1-7

Notes:

e 7 < 1is good (“stable” result)

e 7 can be large if any one of the following holds:
— k(A) is large
— n is large
— gn is large

e There are more stable algorithms for Az = b than LU de-
composition. For example QR decomposition (no growth
in matrix elements).

5 QR decomposition

5.1 QR decomposition of a square matrix
A e R™"

Definition 5.1. Q € R™ " is orthogonal iff QTQ = I =
QQT.

Proposition 5.2. Orthogonal matrices preserve Euclidean
length (2-norm,).

Proof. Let QTQ = O. Suppose y = Qz. Then
lyll2 = Q|2
=/ (Qz)"Qu
= /2TQTQux
= VaTz

= [lzll2

(From now on we shall use only 2-norms).

Proposition 5.3. Product of orthogonal matrices is orthog-
onal.

Proof. Let Q = QQ1Q2, where @)1, Q)2 are orthogonal. Then
QT'Q = (Q1Q2)" Q2 =Q5Q1 Q1Q2 =1
Note QTQ = I is sufficient because
det(Q") det(Q) = det(I) = 1
det(Q) = +1 thus QT =Q*
and so QQT = Q' = 1. O

Consider solving Az = b. If we use LU decomposition (with
partial pivoting) then matrix elements may grow:

=[5 e

One idea is to use an orthogonal transformation matrix to
create the zeros:
X X
[ nman-fi 3

where 1 is an orthogonal matrix. An advantage is that the
2-norms of the columns of A, are the same as for A (no uncon-
trolled growth in matrix elements). This is somewhat more
stable than LU, however it requires more work than LU. Main
advantage is in least-squares problems.

Theorem 5.4 (QR factorization of A € R"*"). Let A €
R™ ™ then 3Q € R™ ™, orthogonal and R € R™ ™ upper
triangular such that A = QR.

Note: to solve Ax = b, we solve QRx =b = Rx = Qb by
back substitution.

How to build @ and R:

1. Gram-Shmidt orthogonalization of the columns of A.

Example 5.5.

A=[a |d|as

S L h
1 =d - G1=-—=
1]
S Ao, 11) » ~ t;
ly = 2—(-»27-'1) 1 - =
(ti,t1) 22l
. ds, t1) - s, to) - -
t3:53_(_'37_'1) 1_(6137#2)2 L o= 8
(t1,t1) (t2,t2) I3
So we get
ay =ruq
dy = 112G1 + 222
a3 = r13q1 + r23d> + r33d3
i1 Ti2 Ti3
[a|a|as |=[q@|@|@a] |0 re rs
A 3 0 33
—_—
R

A=QR, QTQ=1)

For large n, Gram-Schmidt itself is numerically unstable
(due to rounding, cancellation — lose orthogonality). We
need a better algorithm for QR: Householder reflections.

Lecture 15
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2. Householder reflections:

—

. dn

] = Q1A=

+||a | 7'~1T
0 Ay

Figure 5.1: Householder reflection.

Let @ = W,

reflection. 4 is a unit vector. For any vector 2 € R™:

it’s called the Householder vector for this

Qi1Z7=7-2u"2)a
or Qy =1 —2aa’

Note: QT = Q1. Also Q; is orthogonal.

QT Q1 = (I —2au")(I —2ua")
= (I — 4aa” + 4au” aa™)
=1
The algorithm:
T
r11 Tl
Step 1: Ay = Q1A= =
ep 2 = Q1 0 4,
T
~ ~ s T22 | Ty
Step 2: Az = Q245 = =,
3 242 0 | As
1 |0
or QQ = = .
0Q2
110 r
Az = @24z = ‘ = - ‘ 1
0| Q2 0 2
N T11 ’I"?
0 242
T11 ‘ 7‘,{
or Az = 0 roo | T3 = Q2014
0 | As

28

do n steps like this

R=QTA with QT = Q.Qn_1...Q2Q1
or QR = A with Q = Q] Q3 ... Q) _,Q)
=54 Q = QlQQ oo anlQn

Note: for numerical stability, choose =%||@1 || s.t. its sign
is opposite to the sign of (@)1 to avoid catastrophic can-
cellation in

U=d; — Qa1
Note: W = gn? + O(n?) (double of LU). QR is more
work than LU but is somewhat more stable (no growth
in matrix elements).
Note: How to compute @) in practice two possibilities:

1) Multiply Q;’s iteratively:

QT = QnQn—l cee QQ QII
| M—

[ —
Problem: @, has to be applied to all columns. (ex-
peunsive)

2) Store @ vectors.

Q = QIQZ (R anl QnI
| S
(I —

advantage: there are still leading columns with zeros
in each step. (less work)

3) (detail) Store the @ vectors.

5.2 QR decomposition of a rectangular ma-
trix A € R"™*"
R
0

| J=mia

Assume m >n. Then A =Q [

Q: orthogonalization of the n columns of A (in the general
case).

Q: more orthogonal columns, to complete the orthogonal
basis of R™. Note: Householder algorithm also works for this

case (n steps) Note “thin form” QR decomposition of A:
n n

aman omnl ) meaf, Y]

Amount of work for “thin form” QR using House-
holder, A € R™*"™. Only count work to form R: n orthog-
onal transformations of form (k=1,...,n).

QiA; = (I —2u;al) A,

is the operation which dominates the cost of computation.
Note that ;i ENR""’““ and A; € Rim—k+1)x(n—k+1)

first compute ﬁiTAZ-: A; has n — k + 1 columns:

(n —k+1)(m — k + 1) multiplications
(n —k+1)(m — k) additions



Then compute @; (@7 A;) —
cations.

Then A; — 2i; (@l A;): (m — k4 1)(n — k + 1) additions'".

(m—k+1)(n—k+ 1) multipli-

2
W = 2mn? — §n3 + lower order terms

Lecture 16

5.3 Least-squares solution using QR [1, 8.14,
8.15]

Consider Ax = b, A € R™*™ where m > n. This is called an
overdetermined system. For example:

a a b .

all a12 1| bl 3 euqations
2T T2 2 unknowns

asy  asz b3

= usually no exact solution (overdetermined).

Definition 5.6 (Least squares problem (LS)). Find & € R®
such that ||b — AZ||2 is minimal.

5.3.1 Geometric interpretation

Definition 5.7. The residual is r := b — Ax (for some z)

Definition 5.8. Define the column space of A by

C(A) .= {AZ: for x € R"}

These are all linear combinations of the columns of A.

Least-Squares (LS): find A% in the column space of A
s.t. the residual r has minimal 2-norm. This is achieved by
r L C(A). (residual orthogonal to the column space). Or A%
is the orthogonal projection of b onto C(A). How to find &7

rl Az Vo <= (r,Az) =0V
— (b— Az, Ax) =0V
— (b—A2)TAz =0Vz
(b— A7)TA =0
AT(b— Az) =0
AT Az = ATb

—
<~
—

(©)
where AT A € R"*". Note that equation (o) gives the normal
equations, the first way to compute the LS solution. One
problem in this approach is that AT A can be ill-conditioned,
even more so than A.

Theorem 5.9. Let A € R™*™ m > n.

1) x is a global minimizer of |Ax — b|la <= =z satisfies the
normal equations AT Az = ATb.

1Note that we don’t count multiplication by 2 because we can just
increase the exponent in the floating point representation by 1

29

2) If the columns of A are linearly independent, then there
exists a unique minimaizer.

Proof. 1) x is a global minimum

Az +y) —bll3 > | Az — b]5 Vy

(Az — b, Az — b) + 2(Az — b, Ay) +
> (Ax — b, Az —b) Yy

2(AT Az — ATh,y) + (Ay, Ay) > 0 Vy

AT Az = ATb

—
— (Ay, Ay)

= (&)
—

We prove the last implication (¢ = ) rigorously: As-
sume g = AT Az — ATh # 0. Choose y = —eg, € > 0.
Then we need (#) to hold Ve > 0. Observe that (#) be-

comes:
—e(g,9) +%(Ag,Ag) >0 Ve

Suppose Ag # 0, then

2(g,9)
= (Ag, Ag)

which is a contradiction since (#) must hold for all € > 0.
Furthermore, if Ag = 0, then (#) becomes —&(g,g) > 0,
which is also a contradiction, since € > 0 and (g,g) > 0.

Ve

2) Columns of A are linearly independent.

Az #0ifx #0

|Az||2 = (Az)T Az = 2T AT Az > 0 if = # 0.
AT A is SPD.

AT A is non-singular.

AT Az = ATb has a unique solution.

ey

O

LS using QR. Ax = b, A € R™*" m > n. b € R™,
x € R™. Minimize ||r|l2 = ||b — Az||2. Let A = Q [](ﬂ, with

_ [Q|Q} € R™™ and Q € R™*"™. Then

S EARk])

2

Irl13 = Q" rlI3

o (v-al5]+)
= 1Q"b — Rx[|3 + ||Q"b]3 .
N——

indep. of ©

Thus ||7]|3 is minimal when Q7b — Rz = 0 or Rz = QTb. We
solve the system by backward substitution to find Z. Deter-
mine Q and R using Householder algorithm. This is numeri-
cally more stable than solving normal equations.

6 Basic iterative methods for Ax =0

2], [3]

Context problem: Az = b with A € R"*™. So far we have two
direct methods: LU and QR, each having W € O(n®) — n
steps, O(n?) work per step.

Alternatively we may use iterative methods. These have < n



iterations with < n? work per iteration. These give us ap-

proximate solutions, and we stop after a small number of it-
erations, as soon as desired accuracy is reached. Iterative
methods are useful for large, sparse matrices'?.
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6.1 Diagonal dominance

Definition 6.1. A € R**" is

inant iff
|aii| > Z |aij\ Vi
J#i

(strictly) row diagonally dom-

Theorem 6.2 (Gershgorin circles). Let A € R™"*". Let %(A)
be the spectrum of A. Let D; be the closed discs in the complex
plane with centres at a; and radii v; = Z#i la;;| for i =
1,...,n. Then

Proof. Let \;, = be an eigenvalue-eigenvector pair of A:

Az =Xz (z #£0).
Let i be an index where |z;| is maximal: |z;| = ||2|co-
So we know x; # 0 since it is the maximal (in absolute
value) element of an eigenvector (so x # 0). We know that
>iy @iy = Ay, so it also follows that

Zaijxj = ()\

J#i

— Q)i
and thus we have

A —ay| < Zaw

J#i

< Z|aw|

J#i

Z|a’ij|7

J#i

which yields A € D;. Applying the same reasoning to all
eigenvalue-eigenvector pairs gives

O

Theorem 6.3. If A € R"*" is strictly diagonally dominant,
then A is non-singular.

Proof. We know |a;;| > >, |ai;| for all i. Therefore, non of
the Gershgorin discs contain the origin. Thus 0 € 3(A), so A
is non-singular. O

12For example in the discretization of partial differential equations.
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6.2 Jacobi and Gauss-Seidel iterative meth-
ods

6.2.1 Jacobi iterative method

Given a problem Az = b with z,b € R3, we compute

new old old
a1y + a2y " + a13r3 = by
a21w(1>ld + a22xn€w + a23x3ld b2
old
az129 4 azow5' + azzxte’ = by

In general we have
new _ b _ @ old
a“ ; %
Notes:
1. a4 # 0 is required for all 4

2. all 27°" can be computed independently from each other
(good for parallel computing)

3. convergence is not obvious, it depends on properties of
the matrix

6.2.2 Gauss-Seidel iterative method

Given a problem Az = b with x,b € RS, we compute

allx’fe“’ =+ a12$2 —|- algI =b
a7 + agowy®” + Cl23$ = by
a31$?ew + a32x2 v a33x = b3

In general we have

1 i—1
new __ . . new old
;= —| b — g a;ijT; g a;ijT;
@i ;
Jj=1

11 j=it1
Notes:
1. If it converges, GS will often converge faster than Jacobi

2. Sequential (not good for parallel computing)

3. Other orders are possible too

6.2.3 In matrix form

AN NRE NEAY

Jacobi: z(*t1) = D~
number). So we get

b+ (L +U)z™) (k is the iteration

Az =b
(D—L-U)x=b
Dx=b+(L+U)x

— Dz* D = p 1 (L +U)z®



Gauss-Seidel: z(*+1) = (D — L)~} (b + Uz™). So we get  Jacobi: Specific example of a stationary iterative method:

Az =b Y = DTY(f 4+ (L + U)o®)
(D-—L-U)z=b
(D-—Lx=b+Ux
— 2*) = (D - L)Y (b+Uz™) L+U=D-A
DY L+U)=I-D"A.

Using A=D — L —U, we get

6.2.4 Convergence theorems

So v+ = D71 f 4 (I — DT A)w® = v 4 D71(f —0@), or
For Az = b, with det(A) # 0.
(D) — (1) 4 p=1,.()
Theorem 6.4. If A is SPD, then GS converges to the unique

solution of Ax = b, for any initial quess (). So for the Jacobi method, we have

Theorem 6.5. If A is strictly diagonally dominant, then GS B, =D lm Al d R.,=I-D14
and Jacobi converge to the unique solution of Ax = b, for any J b J '

initial guess (%), . ) ) . )
Gauss-Seidel: Specific example of a stationary iterative

method:

6.3 ngeral form of stationary linear iter- o) = (D — L) (f + Uv)

ative methods for Ar = b, and the error )

. Using A=D — L —U, we get

equation

6.3.1 The error equation ) = =(D-L)" 'f+ (D - L)il(D —L- A)U(i)
_ _ -1 _ 1 (2)

Consider Au = f (det(A) # 0) where u is the exact solution, - (D L7 f+I-(D-L)" Ap
and v is some approximate solution. Define the error e := =09 4 (D — L)7Y(f — 40)
u — v = exact — approximate, and residual r := f — Av as =@ 4 (D — L)_lr( i)

before. Derive the error equation:

So for the Gauss-Seidel method, we have

Ae = A(u —v)
= Au — Av Bas=(D—-L)'~A"' and Rgs=1-(D—-L)A
=f—Av
B f Theorem 6.6 (Convergence theorem). Consider stationary
=T iterative method:
6.3.2 General form of stationary linear iterative D = @ 4 B(f — Av®) (6.1)

methods
for linear system Au = f, with det(A) # 0. If there exists a p-

norm such that ||[I — BA||, < 1, then iteration (6.1) converges
to the unique solution of Au = f for any initial guess v\?.

We have u =v+ (u—v), S0 u = v + e.
Note: knowing v, the residual, r, is easy to compute (one

matrix-vector product). Use the error equation:
Proof. (6.1) holds iff u — v(*+D) = 4 — v — B(f — Av) iff

u=v+Alr et = (I — BA)e. Then

where computing the inverse of A is the most expensive opera- H@(i“) lp < I — BA||p||e(i) llp
tion. An idea is to replace A~! with a “cheap” approximation: (i+1) ;

< _ i+14|,(0)
B el - 40, < T = BAI e,

) ) . 4 , = lim @], =0 (|1 - BAll, <1)
) = @ 4 Br@)  with ) = f — Ap®), oo ,
= lim e =0
71— 00

the stationary iterative method. Error:

u— oY =g — (v(i) + Br(i))

uw— oY =4 — 0@ — B(f — Av®)
u— oD — 4 — @ B(Au — A,U(z)) Lecture 18

e = (I — BA)e,

Theorem 6.7. Let A be strictly row diagonally dominant.
or et — Re(® with R = I — BA error iteration matrix. 1hen Jacobi converges to the exact solution of Au = f for

Note: if B = A~! then R =0, so e/") = 0 in one step. any initial guess.
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Proof. We know that A= D — L — U, and B; = D~!'. Note
that A~! exists. Then

HRJ“p = ||I - D_IAHP
=|I-DY(D-L-U),
= [[D7HL+U)|lp-

We know |a;;| > >, [as;| Vi (row sums). Consider p = oo.
Then the maximal absolute row sum = || Al|,. So

Zj;ﬁz‘ |ai;|

|aiil

DML+ U)o = max

1<i<n

<1

by the previous convergence theorem, Jacobi converges. [

6.4 Spectral radius convergence theory:

Definition 6.8. Spectral radius of A € R"*" is defined to
be

p(A) = max |
Recall ||All2 = max; \/\; (AT A).

So if A= AT then ||A|2 = p(A).
Theorem 6.9.
p(A) < ||Allp for all p

Proof. Consider any eigenvalue, eigenvector pair A, x; normal-
ized such that ||z||, = 1. From Az = Az, we got

[Azll, < [[Allp ]l

= Alllzll < 1Allp 1]l
= AL < [|Allp,
which implies that
p(A) < ||A]lp.

O

Definition 6.10. A € R™*™ is convergent iff lim,,_,, A" = 0.
Theorem 6.11. The following statements are equivalent

1) A is convergent

2) lim, o0 A" = 0

3) limy, 00 ||A™]|p = 0 for some p

4) limy, o0 ||A™||p =0 for all p

5) p(A) <1

6) lim, oo (A"z) =0 for all ©
Recall that e+ = Re(. Note:

stationary iterative method converges

lim e =0
71— 00
lim R'e® =0
1—00

R is convergent
p(R) <1

This is consistent with Theorems 6.6, 6.9, and 6.11.
Theorem 6.6: convergence of ||R||, < 1 for some p implies (by
Theorem 6.9) that p(R) < 1 (consistent with Theorem 6.11)
Note: it is possible that p(A) < 1, but ||A||, > 1 for some p.

1o
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7 Multigrid methods for Au = f

Use slides: “A multigrid tutorial” by Brandt, McCormick and
Henson. This method is useful for solving Au = f, when A is

sparse.
Recall: LU: W € O(n?®) Multigrid: W € O(n).

7.1 Stationary iterative method
WD — o) 4 B
Rewrite:
WD) — o 4 B(f — Av()
= (I — BAWY + Bf
o) = Ro® 4 Bf
Slide 16:

e(new) — Re(old)

we would like e(™*®) to be small.

case 1: oscillatory error (“high-frequency changes”)

— is quickly reduced (“relaxed”) (just a few iterations)
case 2: “smooth error” (“low-frequency”)

— many iterations are required to reduce the smooth error

Lecture 19

Slide 26:
Suppose R = R”, and p(R) = 0.1 = 10~', choose ().
Note: ||R]||2 = p(R).
Assume we require reduction in ||e|2 by 10° (d = 5).
How many iterations are required?
5 steps are sufficient to reduce the initial error by 10°, because
each step reduces the error by at least 10.
In general, we require

n
'ﬁ(«») <RI = o) ~ 1071
—  nlogop(R) ~ —d
- ()
—logyo p(R) —logy((0.1)

p(R) is called the convergence factor of the method. If
R # RT, then p(R) is still called the convergence factor of
the method, but its interpretation is valid only asymptotically.
Recall: p(R) < ||R||p, but note: it is possible that p(R) < 1
and [|R]l, > 1. Recall: [le(™)], < [R]l,/|e®]],, but;

(1R" 1)
Slide 31:

High-frequency error: smoothing, relaxation is efficient in re-
ducing the error.
Low-frequency error: relaxation is not efficient in reducing
the error.

Slide 37:
Nested Iteration:

= lim
n—oo

p(R)



Smooth error on the fine grid (what remains after relaxation)
is relatively more oscillatory on the course grid.

Slide 42:
From coarse (22") to fine (2"): interpolation

o =I5 v

vP: vector of find grid.

v2": vector coarse grid.

Igh: interpolation matrix from coarse to fine.

Lecture 20

Slide 51: Coarse error equation: Two possibilities:
1. PTAPe*h = PTy

2. Model problem discretized on Q" : A" Q2h . A2k,
On coarse level: use A%he2h = I}%hrh7 where I,%h is the
restriction matrix.

We use the second version.

Slide 63:
initial guess vf! — 7 = f — Av},
first V-cycle vl — 7 = f — Avh,
second V-cycle v} — vl = f — Avl,

I}
Il
I

every V-cycle reduces the current residual (approximately) by
a constant factor, which is (approximately) independent of &

Irfiallz
112

p  convergence factor (e.g. p =~ 0.1)
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Slide 67:
1 Work unit (WU) = cost of 1 relaxation iteration on the
finest grid.
For example: in a sparse 2D model problem, let n = N2 (total
number of unknowns on the finest grid), A € R"*™.
Consider RBGS: work for 1 WU = O(n).
Consider Multigrid V(1,1)-cycle: work < § WUs = O(n).
(O(n?) if not sparse for both)
Note: multigrid is a “divide-and-conquer” algorithm.

Slide 69:
1D model problem'® — exact solution u(x). Define:

uM: exact solution vector u(x) sampled on the discrete grid.

uP: exact solution of linear system A"u” = f".

vP: approximate solution of Ahu/ = .

Discretization error: E; = u(z;) —ul = ||E||s < Kh?
(in our case, p = 2).

: . oh — g h b
Algebraic error: ¢ = u; — v;

s o — h
Total error: e; = u(z;) — v,

130DE, continuous problem

Note: e = ul® — vl =) —yh 44 — P,
Slide 72:
MG cost to reduce algebraic error to the level of discretization

W =O(N%og N) = O(nlog N) where n = N¢
O(log N)
O(N?)  work per V-cycle

V-cycles

Grid norm of a vector: (|- ||5)

Il = Allr" I

le™ 1n = Rlle"|l2

Why the h?
Consider functions u(x,y), v(z,y) on Q. define:

\///Q(“(x’ y) — v(z,y))*dedy

\/Z Z(U(l‘i, y;) — v(wi, y;))?ArAy
- h\/z Z(“?j —ul)? (Az=Ay=h)

= hllu" — "

lu(z,y) —v(z,y)l2

Q

7.2 Red-Black Gauss-Seidel
Traditional GS (“lexicographic”):

1
new __ ) L new ~,old
vt = — | fim Y eyt = Y asgu

(€77} ° !
" J<1 >t

All GS: compute v**" from equation ¢, using any new val-
ues that were computed previously. In lexicographic GS, we
consider equations in the order of the rows of A.

2D model problem: Suppose N = 7 (# of interior points),
AeR”X™ and u e R™ = R%,

Lexicographic: GS is sequential (no parallelism).

Red-Black GS: First update all the red points — can be
done in parallel: because red points only depend on black
points. (make sure all new red values are visible to the
black points). Then update all the black points, using
the new red values — can be done in parallel.

Definition 7.1. The multigrid convergence factor is defined
by

P [7i41ll2
73]l

(in the “asymptotic” region)

where r; are the residuals after multigrid V-cycle :.

Note: ppr¢ is small for the 2D model problem for all prob-
lem sizes.
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Proposition 7.2. pyq is small and bounded uniformly in h:

de<1:pyg<c<1lVh

Lecture 22

7.3  Full Multigrid Method (FMG)

Find a better initial guess on grid h by finding an approximate
solution on grid 2h and interpolating it up to grid h. (Do so
recursively using smaller V-cycles).

7.4 Summary

To reduce ||r||, by a mixed factor, the V-cycle multigrid
method requires:
Total work = O(n) (linear scaling), since work per V-cycle is
O(n), and the number of V-cycles required is constant in n.
To achieve convergence up to discretization error, the V-
cycle multigrid method requires:
Total work = O(N?log N) (not linear in n), since work per
V-cycle is O(n), but the number of V-cycles grows with
O(log N).
To achieve convergence up to discretization error, the full
multigrid method requires:
Total work = O(N?) = O(n) (linear in n), since only one full
V-cycle is required.

8 Conjugate Gradient (CG) Method
for Ax = b, [4, Ch. 38|

8.1 Algorithm
Let A € R™*™ be SPD. Let z, be the exact solution of Az =

b. Let e, = xx — x, be the error (n =0,1,2,...). Let xg be
the initial guess, and ro = b — Az, the initial residual.

Definition 8.1. Define Krylov space to be:

2 -1
K,, = span{ro, Ar,, A°rg,..., A" rg}.

CG is an iterative method that proceeds as follows:
Instepn (n=0,1,2,...), find ¢, € K, s.t.
Ty = Tp_1 + ¢n Minimizes

lenlla = [|zx — zplla = |24 — Tno1 — gnlla

Note: the minimizer g, can be computed very efficiently.
Often the error is reduced very fast (only a small number of
iterations is needed).
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Algorithm 1 CONJUGATE GRADIENT (CG)

1: Choose xg

2: g < b— Axg

3: po < To

4: n<+0

5. repeat

6: n<+<n+1

7 Op < (rg—lrnfl)/(pg—lApnfl)
8: Ty & Tp—1+ QpPn—1

9: Tp <= Tp—1 — OénApn—l
100 B 4 (rpr)/(rp_17n-1)
11: Pn < Thn + ﬁnpnfl
12: until convergence criterion is satisfied

Notes:

e Efficient implementation: reuse certain intermediate re-
sults.

e p,_1 is called a “search direction” («, is computed such
that the optimal solution in the direction p,_; is found).

e We will show that every CG step minimizes ||e,||4 over
all
qn = anpn—1 € Ky

e Even though we optimize over the whole of K,,, we only
need to store one previous r, and p,.

e Work per step (assume sparse A).
1. 1 matrix-vector product:
(Apn-1) : W =0O(m)
2. 2 scalar products:
rLr, and pL_; Ap,_1 : W = O(m) each

3. 3 vector “multiply-add”:

Tpn—1+ QnPn—1
Tn—1 + Oén(Apnfl)
Ty + BnPn—1

W = O(m) each

total work per CG step: O(m).

8.2 CG as an optimization problem

Note: Az = b with A SPD has a unique solution x,.
Let e = 2, — z. Observe:
o — 23 = leld = €7 Ae = (2, — 2)T Az, — o)
=2l Az — 22T Az, + 2T Az,  (use A= AT)
=27 Az —22Tb 4+ 2Tb

=2¢(x) + 27b = 2¢(x) — 2¢(x.)

where )

o(x) = ixTAx —zTb
Proposition 8.2. x, is the unique minimizer of ¢(x) over
R™. Alternatively we can say that solving Ax = b is equivalent

to minimizing ¢(x) over R™.



8.3 Steepest descent algorithm
Property: V¢(x) point in the direction of steepest ascent.

LU vp ex: =7

N\r

—V¢(z) points in the direction of steepest descent.

—Vo(x) = fV(%xTAx —bv'x)

= —(Az —b) (since A = AT)
=b— Az =r(z)

The general idea:
Have xg,x1,22,...,2pn,....
Start from xg:
Compute —V¢(zg) =r9g = b — Axg
Let z1 = 29 + a7 (1o is the search direction)

Find the optimal approximation (smallest ¢(x1)) in the di-

rection of 7 (steepest descent direction).
Determine oy s.t. ¢(x1) is minimal.

2nd compovient

of L

-0e)=v,

We require d%:l(qb(acl(al))) =0:

dx
v¢>(:cl)Td71 =0
—rTrg =0

—(b — Al’l)T’I’O =0
(A(J?Q + 0417“0) — b)T’I“o =0
(—7’0 + 041A7“0)TT'0 =0

:>a1:

: ==[z]

Note:

T = b— Axl
=b— A(l‘o =+ 0417“0)
=1y —ajArg

Algorithm 2 STEEPEST DESCENT (SD)

Choose xg
ro < b— AI‘O
n+0
repeat
n+<n+1
an = (1 _y7n—1) /(11 Arn1)
Ty = Tp—1 + QpTp_1
Ty & Tpo1 — pArn_1
until convergence criterion is satisfied
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Compare with CG:

e SD also has W = O(m) per step (1 matrix-vector prod-
uct, 2 scalar products, 2 scalar multiply-adds).

e Similar to CG, but p,, = r, in SD.

e CG also does 1D minimization in step 7 (Algorithm 3),
but p,, is chosen s.t. the minimization is also automati-
cally over the whole K.

e SD can converge very slowly if k(A) = ;\\"A > 1.
CG often converges much faster (in particular, conver-
gence in at most m steps).
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8.4 Examples and Convergence of CG and
SD methods

Example 8.3. Solve Az = b:

wy = {_12] : M =2 (ASPD)
Wo = |:;:| s )\2 =7
xL
[ 2 3 x,
wa
A
.24

Figure 8.1: Level curves of ¢(z).

Note:
I — s = 26(s)  6(.)
— oas +uwn) = 9(a) + 2y
= 6(z.) + gl
Bl +w2) = 9() + 2 b0

Recall: ry(A) = [|A[2]|A7"[|]2 = §=2= (A SPD).

Note: ka(A) large <= strongly elongated ellipsoids k2 (A)
1 < circle (sphere)

Recall: Steepest Descent Method (Algorithm 2)
Note that computing «a,, gives us the optimal point in search
direction (1D minimization). Also r,_1 is the search direc-
tion:

Tn—1 = —Vé(x,—1) = direction of steepest descent
Problem: SD may “zig-zag” (slow convergence) if x(A) is

large.
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Figure 8.2: Example of how for large x(A), SD may have slow
convergence.

In contrast, CG most often converges much faster (no zig-
zag effect) (at most m steps)
Looking ahead: (k = ka(A))

Theorem 8.4. For the CG method, we have:

cx()

HenHA
leol| 4

VE+1
where (\/k — 1)(\/k + 1) is the error reduction per step.
For example,

2-1 1
S 2+1 3

vVE—1 10—-1 9
VE+1T 10+1 11
Theorem 8.5. For the SD method, we have:

()

where (k — 1)(k + 1) is the error reduction per step.

< nice reduction

k=100 = < not so nice

k—1
k+1

lenl|a
leolla

For example,

k-1 4-1 3

K+l 4+1 5
k—1 100—-1 99
k+1 100+1 101
How many iterations of CG are required to reduce the error

by a given factor, e.g. 1037

Require:

k=4 — < ok reduction

k=100 = < terrible

l[enlla _
leola = (e.g. € =107%)
VE—1

2(\/E+1)nw

where n is the # of steps required. Alternatively we need
n
2 (1 > ~e

og (1- —2 ) ~1 (
TLOg \/E+1 NOg

Require:

2
VE+1

or
9

2

)



Assume £ > 1, and [¢t| < 1. Then

VE+1=Vk
log(1+1t) ~t

= n (\_/;) ~ log (%)

2
or n & ﬁlog <)
2 €

Conclusion:

CG: n € O(y/k) iterations required to reach convergence tol-

erance. Similarly: SD: n € O(k) iterations required.

Example 8.6. 2D model problem.
4

k(A" =~ =m (m = total # of unknowns)

T2

CG, SD: O(m) work per iteration.
Conclusion:

CG: O(Vk) = O(y/m) iterations
O(m) work per iteration
— total work = O(m”?)
SD: O(k) = O(m) iterations (like GS)
O(m) work per iteration
— total work = O(m?)
MG: total work = O(m)
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8.5 Properties of the CG algorithm

Recall the conjugate gradient algorithm:

For simplicity, assume g =0 = rqg =b— Axg = b.

— K, = span{rg, Arg,..., A" tro} =V,
= span{b, Ab, ..., A" 'b} =V}

Theorem 8.7. Assume r,_1 # 0 (not converged yet). Then

K, =span{rg,ri,re,...,1n_1} =V,
= span{po, p1,p2; -+ Pn-1} = Vp ¢ (@)
= span{x1,xa,...,Tn} = Vi
Moreover,

reri =0 (5 <n) }
prAp; =0 (j <n) ®
Proof.

@ = V, =V, follows from line 8 in the CG algorithm:
Ty = Tp_1+ ApPn—1. Two steps:

(a) V, C Vg every element of V, is in V. This is
true because p,_1 is a linear combination of x,, and
Lp—1-

(b) Vi C Vj: because

T1 = a1Po (zg =0)

Ty = X1 + QgP1

We use induction: assume x;_; is a linear combi-
nation of {pog,...,pi—2}; then, from line 8, z; is a
linear combination of {pg,...,pi—1}.

Therefore V, = V,.

= V, =V, follows from line 11: p, = ry, + BpnPn—1.
Observe: pg = rg. Proof is the same as for V, =V},

= V, =V, follows from line 9 and V;. = V},.

Tn =Tpn—-1— aTLAPTL—l-

Observe: py = rg = b (base case), which implies that
span{ro} = span{b}.
Induction: Assume

Algorithm 3 CONJUGATE GRADIENT (CG)

1: Choose xq

2: 1o+ b— A$0

3: Po < To

4: n<+0

5. repeat

6: n+<n+1

T o = (1 yra1)/(Dh 1 Apn-1)
3: Ty < Tp—1 + QnPp—1

9 Ty Tp_1— QpApn_1
10: B (7‘357“”)/(7“3;717““,1)
11: Dn < Tn + BnDn-1
12: until convergence criterion is satisfied

span{rg,...,7;} = span{b, Ab,..., A'b}
(=span{po,...,pi} V,=V,).

Then from line 9 we get:

Tiv1 =175 — i1 Ap;,

then riv1 € span{b, Ab,..., A" b}
since p; € span{b,..., A'b}
SO Ap; € span{Ab,..., A"'p}
and r; € span{b, ..., A'b}

Recall the Krylov space:

K,, = span{rg, Arg, . .. ,A"_lro}

n vectors

and thus  A“™'b € span{rg,...,r;}
since Ap; € span{ Ab,..., A%, AT1p}
—_—————
espan{rg,...,r; }

Therefore span{rg,...,r;11} = span{b, Ab, ..., A"1b}.
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@ Proof by induction: Assume

(j<n-1)
Pl Ap; =0 (j<n-1)

T _
Th17; =0

Base case: "
ryro =0
can be shown
pTApo =0 }

we will show

T

Tn

rj=0 (j<n)

pndp; =0 (j<n)
To show that r2r; =0 (j < n), use line 9:

Tn =Tp—1 — anApnfl

T

_ T T
> TpTj = ThoaTj — anpn—lATj

.

Case j<n—1:

rI'_r; = 0 by induction
pl_, Ar; = 0 by induction - V, =V,

T
n

’I“jZO
Case j=n—1: rIr; =0if

T
o = 7‘”717"”,1
n — T .
pn_lA’rn—l

Why? Compare with line 7 which gives the same a,
because

Tn—1 = Pn—1 — PBn—1Pn—2 from line 11

N rrj;—lrnfl . 7'77;—17'7171
pz;_lArn—l pz;_lA(pn—l - 6” - 1pn—2)
T
_ Th—1Tn—1 pg_lApn_z =0

B pﬂ 1 Apn—1 by induction

= q, from the CG algorithm

To show that pZ Ap; =0 (j < n), use line 11:
Pn = Tn + Bnpr—1
to get pr Ap; = i Apj + Bapy_1 Ap;.
Case j <n—1: rI Ap; =0, since

p; € span{b, ... , A" 2D}
Ap; € span{Ab, ... LA )

C span{rg,...,"n—1} (- Ve=W)
= rprj =0 (j<n-1) (- rgrj =0 (j<n))
Case j=n—1: pl Ap; =0 if
_TZApn—
o
pn—l Pn—1
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Show that this equals the 3,, from the CG algorithm:

T
_ ™ Apn—lan

T
Tn—1Tn-1
T
—Tn (Tn—1 = Tn)
T
Tn—1Tn-1

TTT

—"—"— =, from the CG algorithm
Tn—1"n-1

= p Ap; =0 (j<n)

Note: rI'r; =0 (j < n): residual orthogonal.

Proposition 8.8. CG needs at most m iterations to converge
exactly (assuming no rounding errors).

Proof. Consider rg,71,...,7,—_1, M vectors.

Case 1: 7,1 = 0: OK (we have converged within m steps)

Case 2: 7,1 # 0: = 1, = 0 because there are at most
m non-zero orthogonal vectors in R™ (rq, ..., rn—1), and
m has to be orthogonal to all of them.

O

Note: pIAp; = 0 (j < n), “the search directions are A-
conjugate” (A-orthogonal).
= “conjugate gradient method”

Theorem 8.9. CG selects x,, € K,, with

K, =span{ro,...,rn_1}

such that ||en||a is minimal. = ||en||a decreases monoton-
ically.
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