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Abstract

This document provides a detailed description of the mathe-
matics behind the time-of-flight (ToF) camera transient imag-
ing approach presented by Lin et al. in their paper titled
“Fourier Analysis on Transient Imaging by Multifrequency
Time-of-Flight Camera” [3].

1 The Fundamentals

1.1 Configuration

The studied transient imaging system consists of a light
source, an optical sensor, a signal generator and a phase
shifter. The light source is modulated by the signal gener-
ator and the sensor correlates the raw optical signal with a
phase shifted signal from the signal on the output. This setup
is shown in Figure 1.1

Figure 1.1: ToF Camera setup. Image taken from [3]

1.2 Definitions

In our mathematical formulation we will consider the tran-
sient image of a single pixel, since each pixel in the image is
independent of the others.

Let f be the modulation frequency, that is the number of
wavelengths per second. In our setup f typically ranges from
10MHz to 120MHz. Let sl(ωt) be the light source output
where ω := 2πf . This function models the intensity of the
light (a real value) produced at f pulses per second. Let P
be the set of all undirected paths from the sensor to the light
source. This set is scene dependent, as different materials and
their configurations may affect the way light travels through
the scene, so it is difficult if not impossible to see the structure
of P . Consider the following functions on the set P :

` : P → R+ is the time length of each light path

a : P → [0, 1] is the attenuation of each light path

Then let S : R+ → P(P ) be defined as

S(τ) := {p ∈ P : `(p) = τ}.

That is S is the set of all light paths with length1 τ . Be-
cause paths of the same length are indistinguishable by our
measurements, the attenuation of the light beam at time τ is
given by

α(τ) :=

∫
S(τ)

a(p)dµτ (1.1)

where µτ is some uniform probability measure on a possibly
infinite dimensional space S(τ). In words, this means that

1We use the term length to really mean the time it takes light to
travel a path of certain length.
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the attenuation at time τ is the average attenuation over all
light signals arriving at the sensor at time τ . This defines
the transient image α(τ) as the average attenuation over all
light paths of length τ . It is difficult to define µτ exactly, let
alone compute the scene dependent function α directly using
equation (1.1).

However using the global illumination model, we can mea-
sure the sensor input at time t:

sr(ωt) := E0 +

∫ ∞
0

α(τ)sl(ω(t− τ))dτ (1.2)

where α(τ) is the attenuation average over all light paths p
with `(p) = τ ; E0 is the ambient illumination and sl(ω(t−τ))
is the light signal travelled time τ and measured at time t.

To see why this is true, consider the direct illumination
model where light arriving at the sensor could only come along
a single light path from the source. In this model the sensor
input at time t would be

sr(ωt) = a(p0)sl(ω(t− τ0)) (1.3)

where τ0 = `(p0) is the length of the said light path and a(p0)
is the attenuation of this path. Note that the signal arriving
at the sensor at time t could only come from the signal emitted
at time t− τ0.

Note that the sensor reports the “cross correlation” of the
arriving signal sr(ωt) with a phase shifted, zero-mean signal,
ss(ωt+φ). Over an exposure of time NT where T = 1/f and
N is some integer, the sensor reports the image given by

H(ω, φ) =

∫ NT

0

sr(ωt)ss(ωt+ φ) dt (1.4)

2 Calibration

In a real system, sl(ωt) and ss(ωt) are not known exactly, so
we have to acquire the discrete version of c(τ, ω, φ) in some
other way. Since c(τ, ω, φ) is independent of the scene, we can
measure it once and use it for different scenes. Note that with
the direct illumination model we can measure the correlation
function directly by combining equations (1.4) and (1.3) to
get:

Hdi(ω, φ) =

∫ NT

0

sr(ωt)ss(ωt+ φ) dt

=

∫ NT

0

(E0 + a(p0)sl(ω(t− τ0))) ss(ωt+ φ) dt

= E0

∫ NT

0

ss(ωt+ φ) dt︸ ︷︷ ︸
=0

+

∫ NT

0

a(p0)sl(ω(t− τ0))ss(ωt+ φ) dt

= a(p0)

∫ NT

0

sl(ω(t− τ0))ss(ωt+ φ) dt

= a(p0)c(τ0, ω, φ).

Now consider the following identity:

c(τ, ω, φ) =

∫ NT

0

sl(ω(t− τ))ss(ωt+ φ) dt

=

∫ NT

0

sl(ω((t+ τ0 − τ)− τ0))ss(ωt+ φ) dt

=

∫ NT

0

sl(ω(t′ − τ0))ss(ω(t′ − τ0 + τ) + φ) dt′

=

∫ NT

0

sl(ω(t′ − τ0))ss(ωt
′ − ω(τ0 − τ) + φ) dt′

= c(τ0, ω, φ+ ω(τ0 − τ)).

This implies that we can sample any value of c(τ, ω, φ). So
to get the discrete value of c(τi, ωj , φk), we need to measure
Hdi(ωj , φk + ωj(τ0 − τi)), that is:

c(τi, ωj , φk) =
Hdi(ωj , φk + ωj(τ0 − τi))

a(p0)
. (2.1)

It remains to estimate the value of a(p0). Note that by Beer-
Lambert law, the incident intensity I0 of light is attenuated
as follows:

I(x) = I0e
−

∫ x
0
β(x′)dx′

,

where β(x) is the attenuation coefficient. What we call “at-
tenuation” in this document, refers to the whole exponential
function2, that is

a(p0) = e−
∫ x(p0)
0 β(x′)dx′

,

where x(p0) is the distance length of path p0. During cal-
ibration, if we shine the light source directly into the cam-
era sensor, or perhaps place the sensor and light source close
together and shine at a mirror such that the light bounces
directly into the sensor, we may assume that the attenuation
coefficient is constant along the light path, thus simplifying
our attenuation expression to:

a(p0) = e−βx(p0)

where β is now the attenuation coefficient of air. According to
[2] this attenuation coefficient is on the order of 10−1 dB/km,
meaning that given that x(p0) = 1 metre, then

a(p0) ≈ 0.99990

which is sufficiently close to 1. Thus in the calibration step we
use the approximation: a(p0) = 1, giving us the calibration
data:

c(τi, ωj , φk) = Hdi(ωj , φk + ωj(τ0 − τi)). (2.2)

3 Fourier Analysis

In general, we use the global illumination model to describe
the output of the sensor. This can be written by combining

2This is called transmittance in physics literature
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equations (1.4) and (1.2):

H(ω, φ) =

∫ NT

0

sr(ωt)ss(ωt+ φ) dt

=

∫ NT

0

(
E0 +

∫ ∞
0

α(τ)sl(ω(t− τ))dτ

)
ss(ωt+ φ) dt

= E0

∫ NT

0

ss(ωt+ φ) dt︸ ︷︷ ︸
=0

∵ ss is zero-mean

+

∫ NT

0

∫ ∞
0

α(τ)sl(ω(t− τ))ss(ωt+ φ) dτ dt

=

∫ ∞
0

α(τ)

∫ NT

0

sl(ω(t− τ))ss(ωt+ φ) dt︸ ︷︷ ︸
=: c(τ,ω,φ)

dτ

=

∫ ∞
0

α(τ)c(τ, ω, φ)dτ. (3.1)

If we temporarily assume that the functions sl(ωt) and
ss(ωt + φ) are perfectly sinusoidal, it can be derived that,
loosely speaking, the transient image is the inverse Fourier
transform of the sensor output. Using this fact as motivation,
we shall determine the inverse Fourier transform of the sensor
output in terms of functions that we know, and attempt to
extract the transient image from the resulting expression.

First, let’s define the following complex functions:

H̃(ω) := H(ω, 0) + iH(ω, π2 ) (3.2)

c̃(τ, ω) := c(τ, ω, 0) + ic(τ, ω, π2 ) (3.3)

Then using equation (3.1), we can write:

H̃(ω) =

∫ ∞
0

α(τ)c̃(τ, ω)dτ.

Why exactly we use the modified definitions in equations (3.2)
and (3.3) will become clear later.

Since c(τ, ω, φ) is a periodic function, it has a natural
Fourier series:

c(τ, ω, φ) = Ã0(ω) +

±∞∑
n=±1

Ãn(ω)e−in(ωτ+φ),

where Ãn are the Fourier coefficients and we explicitly factor
the phase dependence into the exponential. Note that

Ã0(ω) =
1

T

∫ T

0

c(τ, ω, φ)ei(0)(ωτ+φ)

=
1

T

∫ T

0

∫ NT

0

sl(ω(t− τ))ss(ωt+ φ) dt dτ

=
1

T

∫ NT

0

ss(ωt+ φ)

∫ T

0

sl(ω(t− τ)) dτ︸ ︷︷ ︸
=C (const.)

dt

=
C

T

∫ NT

0

ss(ωt+ φ) dt

= 0

where in the third step, the integral over the period evaluates
to a constant because it is translation independent3, and the
last step follows because ss(ωt) is a zero-mean function.

Then it follows from equation (3.3) that

c̃(τ, ω) =

±∞∑
n=±1

Ãn(ω)e−inωτ + i

±∞∑
n=±1

Ãn(ω)e−in(ωτ+
π
2 )

=

±∞∑
n=±1

(
Ãn(ω) + iÃn(ω)e−in

π
2

)
e−inωτ

=

±∞∑
n=±1

B̃n(ω)e−inωτ (3.4)

where

B̃n := Ãn(ω)(1 + ie−in
π
2 ). (3.5)

For future derivations we compute the first two coefficients:

B̃−1 = Ã−1(ω)(1 + iei
π
2 )

= Ã−1(ω)(1 + i(i))

= Ã−1(ω)(1− 1)

= 0 (3.6)

and

B̃1 = Ã1(ω)(1 + ie−i
π
2 )

= Ã1(ω)(1 + 1)

= 2Ã1(ω). (3.7)

It follows from (3.4) that

H̃(ω) =

∫ ∞
0

α(τ)c̃(τ, ω)dτ

=

±∞∑
n=±1

B̃n(ω)

∫ ∞
0

α(τ)e−inωτdτ

=

±∞∑
n=±1

B̃n(ω)

n

∫ ∞
0

α( τn )e−iωτdτ (3.8)

where the last step follows by a change of variables such as
τ ′ = τn.

For convenience, we define αn(τ) := α( τn ), and

bn(τ) := (F−1 B̃nn )(τ) =

∫
R

B̃n(ω)
n eiωτ dω. (3.9)

That is bn is the inverse Fourier transform of B̃n/n. We can

3A property of periodic functions.
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now write the Fourier transform of H̃ as follows:

h̃(τ) := (F−1H̃)(τ)

=

∫
R

±∞∑
n=±1

B̃n(ω)

n

∫ ∞
0

αn(τ ′)e−iωτ
′
dτ ′ eiωτ dω

=

±∞∑
n=±1

∫ ∞
0

αn(τ ′)

∫
R

B̃n(ω)

n
eiω(τ−τ

′) dω︸ ︷︷ ︸
bn(τ−τ ′)

dτ ′

=

±∞∑
n=±1

∫ ∞
0

αn(τ ′)bn(τ − τ ′)dτ ′

=

±∞∑
n=±1

(αn ∗ bn)(τ)

= (α ∗ b1)(τ) +

±∞∑
n=±2

(αn ∗ bn)(τ) (3.10)

where (∗) is the convolution operation, and by (3.6) and (3.9),
the b−1 term vanishes.

Expression (3.10) tells us that the inverse Fourier transform
of H̃ consists of the transient image α convolved with some
windowing function b1 mixed with some dilated components
αn convolved by other windowing functions bn. If we had not
used definitions (3.2) and (3.3), then α−1 wouldn’t vanish,
and we would be stuck with a significant source of error. As
we will see next, it is possible to factor the term b1 and remove
the dilated components bn to isolate the transient image α.

3.1 Limited Frequency Window

Note that we can only gather the data for H̃(ω) for a limited
range of frequencies, namely f ∈ [fL, fH ] (recall that ω =
2πf) where in our case, fL ≈ 10MHz and fH ≈ 120MHz.
Now if we define:

RL(ω) :=

{
1 for ω ∈ [−2πfL, 2πfL]
0 otherwise

and

RH(ω) :=

{
1 for ω ∈ [−2πfH , 2πfH ]
0 otherwise

(3.11)

Then what we actually measure for H̃(ω) will be of the
form

H̃c(ω) = H̃(ω)(RH(ω)−RL(ω)) (3.12)

Then by the convolution property of the Fourier transform4,
we have that

h̃c = h̃ ∗ (rH − rL) (3.13)

where h̃c, rH and rL are the Fourier transforms of H̃c, RH
and RL respectively.

This section concludes the model describing the systematic
errors in the setup of this transient imaging system as pre-
scribed in [3]. The systematic errors described here, are spe-
cific to taking the inverse Fourier transform of the gathered

4See Appendix A for a proof.

data (after data rectification described below). This means
that an alternative method for extracting the transient im-
age from the measured data (for instance using non-convex
optimization as in [1]) may not be subject to these errors.

In summary, measuring the camera signal for phases 0 and
π/2 as in equation (3.2), gives us the raw data H̃c(ω), which
we need to process in order to extract the transient image α.

4 Extracting the Transient Image

4.1 Data Rectification

First step in solving equation (3.10) for α is to factor out b1
to isolate α in the sum. So let

R̃ := H̃c/B̃1 (4.1)

Then taking the inverse Fourier transform of R̃ gives us

r := F−1(R̃) = F−1(H̃c) ∗ F−1(1/B̃1) = h̃c ∗ b−11

by the convolution property, where

b−11 := F−1(1/B̃1), (4.2)

which represents the convolution inverse of b1. Indeed, for
any absolutely integrable function f : R→ R, it follows from
the convolution property that f = f ∗ b1 ∗ b−11 .

Thus we have effectively isolated α in equation (3.10). Ob-
serve:

r = h̃c ∗ b−11

= h̃ ∗ (rH − rL) ∗ b−11

=

(
α ∗ b1 +

±∞∑
n=±2

α ∗ bn

)
∗ (rH − rL) ∗ b−11

=

(
α+

±∞∑
n=±2

αn ∗ bn ∗ b−11

)
∗ (rH − rL) (4.3)

where the last step follows from the commutativity and dis-
tributivity of convolution. This process is called “data rec-
tification”. It now remains to recover the missing frequency
spectra modelled by the term (rH − rL), and remove the di-
lated components originating from the sum term,

±∞∑
n=±2

αn ∗ bn ∗ b−11 .

Note that in order to perform the operation in equa-
tion (4.1), we have to know B̃1. This is determined at the
calibration step as follows.

4.2 Calibration Data Fitting

It is not enough for us to know the values of the correlation
function from (2.2). We must determine its Fourier coeffi-
cients in order to effectively use it in extracting the transient
image as in (4.1), for instance. Thus we fit the calibration
data to a truncated Fourier series:

A0(ω) +

n0∑
n=1

An(ω)e−i(nω(τ+τ0)−φn(ω))

4



where τ0 is the flying time of the shortest ray path, and n0
is some small integer indicating the number of coefficients we
fit the data to. This approximation gives us the approximate
Fourier coefficients to the true correlation function as

Ãn(ω) ≈ An(ω)eiφn(ω)

for n > 0. In this decomposition, An and φn are all real
valued functions for n > 0 and A0 is a complex function near
the origin.

To fit the calibration data, the authors of [3] propose a
gradient descent method.

This process gives us approximations for the first n0 Fourier
coefficients B̃n and hence bn, by definitions (3.5) and (3.9).
In particular we now have enough information to perform the
“data rectification” step mentioned before.

4.3 Dilation Component Removal

The authors of [3] propose a procedure to remove the dilated
components from equation (4.3). Their strategy is to subtract
off the dilated components by iteratively subtracting a dila-
tion of the known function r. This process does alleviate this
source of error, but does not remove it completely, and leaves
traces of high order error terms. The issue here is the limited
frequency spectra imposed on the function r, which we will
describe in detail in the next subsection.

First we will describe the algorithm for removing dilated
components assuming no limited frequency window restric-
tion. That is, we will remove the dilated components in (4.3)
assuming no convolution with the (rH−rL) term. So we start
with the expression

r(τ) = α(τ) +

n0∑
n=2

(αn ∗ bn ∗ b−11 )(τ), (4.4)

where the higher order terms in the sum are 0 since we have
fitted only n0 of bn terms to the correlation data, as described
in the previous section. Then note that α(τ) = 0 for all
τ ∈ [0, τ0) where τ0 is the shortest flying time of light in the
scene (e.g. from the light source to the closest object in the
scene and back), because light hasn’t reached the sensor yet
at for those times. Then we note that

αn(τ) = α
(
τ
n

)
= 0 ∀τ ∈ [0, nτ0).

This way we can identify the domain of contribution from
each term in (4.4). In particular, the term with α2 may not
be zero for τ ≥ 2τ0; the term with α3 may not be zero for
τ ≥ 3τ0 and so on. We can illustrate the contributions in the
following diagram:

τ
0 τ0 2τ0 3τ0 4τ0 5τ0 6τ0 7τ0

α1

α2 ∗ b2 ∗ b−11

α3 ∗ b3 ∗ b−11

α4 ∗ b4 ∗ b−11

r(τ)

Figure 4.1: Contribution of each term on RHS of (4.4) to r(τ).

Now observe that when we dilate r by 2, the contributions
to r will also dilate, since

α1(τ/2) = α2(τ), (4.5)

which is zero for τ ∈ [0, 2τ0). Similarly any contribution from
αk will be dilated and its support will be shifted to the right
by 2. This can be visualized in the following diagram:

τ
0 τ0 2τ0 3τ0 4τ0 5τ0 6τ0 7τ0

α2(τ)

α2 ∗ b2 ∗ b−11 (τ/2) + . . .r(τ/2)

Figure 4.2: Contributions to r(τ/2), in which we use the bolded
interval contribution of α2 to remove from r.

Thus if we dilate r by k (to get r(τ/k)) and subtract the
result convolved with bk ∗ b−11 from our original function r on
the domain τ ∈ [kτ0, 2kτ0], for k ∈ {2, . . . , n0}, we would, in
effect, remove the error terms for parts of the domain:

τ
0 τ0 2τ0 3τ0 4τ0 5τ0 6τ0 7τ0

α1

α2 ∗ b2 ∗ b−11

α3 ∗ b3 ∗ b−11

r(1)(τ)

Figure 4.3: Result of one iteration of removing dilated components
from r to get r(1).

In a similar fashion, we may compute r(1)(τ/k) and sub-
tract it from r(1)(τ) on the domain τ ∈ [2kτ0, 4kτ0) for
k ∈ {2, . . . , n0} to get r(2) as shown below:

τ
0 2τ0 4τ0 6τ0 8τ0 10τ0 12τ0 14τ0

α1

α2 ∗ b2 ∗ b−11

α3 ∗ b3 ∗ b−11

r(2)(τ)

Figure 4.4: Another iteration, showing more of the domain for
clarity.
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It is enough to remove enough dilated components such
that r(k)(τ) = α(τ) for τ less than the desired duration of the
transient image. Note that the required n0 may depend on
this duration, if one wants to remove the errors entirely.

Algorithm 1 summarizes this process, where we assume that
n0 is chosen such that τ ′ ∈ [0, n0τ0), where τ ′ is the desired
duration of the transient image. In addition, it’s not necessary
to compute any values outside of the [0, n0τ0) range.

Algorithm 1 Dilated Component Removal Algorithm

Input: n0 and bn computed from (3.9);
b−11 computed from (4.2);
r gathered from the data rectification step; and
τ0 being the shortest flying time in the scene.

Output: α(τ) for τ ∈ [0, n0τ0).
1: r(0)(τ)← r(τ) for all τ ∈ [0, n0τ0).
2: for all j = 0, . . . , log2(n0)− 1 do
3: r(j+1)(τ)← r(j)(τ) for all τ ∈ [0, n0τ0)
4: for all k = 2, . . . , n0 do
5: for all τ ∈ [(j + 1)kτ0, 2(j + 1)kτ0) do
6: Interpolate value of r(j)(τ/k)
7: r(j+1)(τ)← r(j+1)(τ)− r(j+1) ∗ bk ∗ b−11 (τ/k)
8: end for
9: end for

10: end for

In the process of dilating the intermediate functions r(k),
we would also need to interpolate the discrete values of this
function, which will contribute a small interpolation error to
the result.

The algorithm given above is identical to the one presented
in [3] and would work under our initial assumption that the
limited frequency window is omitted. Now we can observe
what happens if we apply this algorithm without this as-
sumption. Now we remove the dilated components in equa-
tion (4.3). Define

βn := αn ∗ (rH − rL),

then equation (4.3) simplifies to

r(τ) = β1(τ) +

n0∑
n=2

(βn ∗ bn ∗ b−11 )(τ), (4.6)

which is analagous to equation (4.4) with βn replacing αn.
However, now our deduction in (4.5) is now invalid with βn.
Define w : R→ R by

w(τ) := (rH − rL)(τ) and

w1/2(τ) := (rH − rL)(τ/2)

for convenience, and observe that for our domain of interest,

τ ∈ [2τ0, 4τ0), we have

β2(τ)− β1(τ/2) = α2 ∗ w(τ)− α1 ∗ w(τ/2)

= α2 ∗ w(τ)−
∫
R
α1( τ

′

2 )w( τ2 −
τ ′

2 ) d τ
′

2

= α2 ∗ w(τ)− 1
2

∫
R
α2(τ ′)w( 1

2 (τ − τ ′)) dτ ′

= α2 ∗ w(τ)− 1
2α2 ∗ w1/2(τ)

= α2 ∗ (w − 1
2w1/2)(τ)

6= 0

This is exactly the operation needed to remove the dilated
components, and it fails to do so in this case. This would take
place in step 7 of Algorithm 1.

4.4 Frequency Spectra Recovery

Assuming that we have eliminated the dilated components
completely (i.e. ignoring the error described in the previous
section), we will be left with the function

β = α ∗ (rH − rL). (4.7)

That is the transient image subject to errors due to a lim-
ited frequency window. It remains to solve equation (4.7) for
α. Unfortunately we cannot simply convolve both sides of
the equation by the convolution inverse of rH − rL to solve
this equation, because the inverse is undefined at the zeros
of rH − rL. The authors of [3] don’t have a solution for
this problem but they propose a heuristic to solve a simpler
problem, which assumes RH(ω) = 1 for all ω ∈ R. This as-
sumption ignores the lack of large frequency data in H̃c and
thus causes blurring in the solution α(τ) as mentioned in [3].

Instead of solving (4.7), the heuristic approach solves the
simplified equation

β = α− α ∗ rL (4.8)

for α. When α ∗ rL is subtracted from α, the peaks in α are
being sunk locally (see Figure 7 in [3] for a visualization).
The idea is to iteratively add the missing part to β until the
result is positive and thus resembles α as it is also positive on
its domain (because α is the transient image). Given a small
parameter θ > 0, the algorithm can be described as follows:

1. Let βold := β.

2. Compute

βpk(τ) :=

{
βold(τ) if βold(τ) > θ
0 otherwise

3. Compute βnew(τ) := β(τ) + βpk ∗ rL(τ).

4. If βnew(τ) > 0 for all τ , then βnew is our final approxi-
mation to α; otherwise, let βold := βnew and repeat steps
2 to 4.

The parameter θ exists to prevent boosting noise into the
result.
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The authors of [3] claim that indeed β < α, since α > 0,
however since α is convolved with rL in the subtraction in
(4.8), it is unclear whether this assertion holds. In fact, rL
is not positive on all of its domain, and although it is a real
function5, its first zero occurs at 25ns for fL = 10MHz, mean-
ing that depending on the shape of α, β(τ) may, in theory,
fall above α(τ) if (α ∗ rL)(τ) < 0.

In addition, suppose that θ = 0 and after some number of
iterations n, we have that βnnew > 0, where βnnew is the result
of the algorithm after nth iteration. Then observe that after
the next iteration, we will have

βn+1
new = α− α ∗ rL + βnnew ∗ rL.

Also, after another iteration we will have

βn+2
new = β + βn+1

new ∗ rL
= α− α ∗ rL + (β + βnnew ∗ rL) ∗ rL
= α− α ∗ rL + α ∗ rL − α ∗ rL ∗ rL + βnnew ∗ rL ∗ rL
= α− α ∗ rL ∗ rL + βnnew ∗ rL ∗ rL.

It follows from the convolution property that rL ∗ rL = rL
since R2

L = RL. So we have that

βn+2
new = α− α ∗ rL + βnnew ∗ rL = βn+1

new ,

which indicates that after βnnew reaches a positive value on all
of its domain, then further iterations will have no effect on
the result. This is the reason why the authors in [3] stop the
algorithm when βnew > 0 on its domain. Furthermore there
is no guarantee that α ∗ rL = βnnew ∗ rL at this point, so this
iteration does not approach the target solution, α.
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A Proof of the Convolution Prop-
erty of the Fourier Transform

The convolution property of the Fourier transform states that
the Fourier transform of the convolution of two functions in
time space is equal the product of the individual Fourier trans-
forms of these functions. We use F to denote the Fourier
transform:

F(f)(ω) :=

∫
R
f(t)e−iωtdt

for an absolutely integrable6 function f : R → R. For the
remainder of this section, assume that f and g are two ab-
solutely integrable functions, where F (ω) := F(f)(ω) and
G(ω) := F(g)(ω) are their Fourier transforms.

Proposition A.1 (Convolution Property).

F(f ∗ g) = F(g)F(f)

or with the frequency parameter,

F(f ∗ g)(ω) = F (ω)G(ω).

Proof.

F(f ∗ g)(ω) =

∫
R
f ∗ g(t)e−iωtdt

=

∫
R

∫
R
f(t′)g(t− t′)dt′ e−iωtdt

=

∫
R
f(t′)

∫
R
g(t− t′)e−iω(t−t

′)dt e−iωt
′
dt′

=

∫
R
f(t′)

∫
R
g(t)e−iωtdt︸ ︷︷ ︸
G(ω)

e−iωt
′
dt′

= G(ω)

∫
R
f(t′)e−iωt

′
dt′

= G(ω)F (ω)

The fourth equality in the proof above follows from the
translation independence of an integral of a periodic function.

6It is only a sufficient condition for a function to be absolutely in-
tegrable, in order for its Fourier transform to exist. Recall that f is

absolutely integrable if and only if

∫
R
|f(t)|dt < ∞.
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